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MACHINE LEARNING METHODS ON GRAPH
MATCHING

ABSTRACT

Graph Matching has been a standing NP-Hard problem in computer vision. The problem refers
to finding the node and edge correspondences between two or multiple graphs by maximizing the
affinity score. There are multiple extension cases on graph matching problems, including multi-
ple graph matching, mixture graph matching and clustering, and online matching. The multiple
graph matching problem stresses the importance of cycle consistency among multiple graphs. Mix-
ture graph matching and clustering aim to distinguish graph categories while matching. The online
matching problem requires higher efficiency and special treatment for incoming graphs. Machine
learning has shown its potential in graph matching for real-world data, while most previous works
only focus on two graph matching problems and have low robustness against multiple graphs, cate-
gories, and outliers. They can hardly transfer to different settings.

We first study the mixture graph matching and clustering problem by designing an algorithm
M3C with a theoretical convergence guarantee brought by the Minorize-maximization framework
and flexible optimization space via the relaxed cluster indicator. Based on M3C, we develop an
unsupervised learning pipeline UM3C with edge-wise affinity learning and loss design, as well as
a pseudo label selection scheme. We also model inlier matching and outlier detection through a
universe graph perspective and build an end-to-end learning pipeline UPM. Universe level affinity
metric learning and outlier-aware loss enable UPM with high robustness and the ability to cope
with various extension settings. To our best knowledge, this is the first deep learning network that
can cope with two-graph matching, multiple-graph matching, online matching, and mixture graph
matching simultaneously. Extensive experiments on several real-world datasets show the state-of-
the-art performance of M3C, UM3C, and UPM on both accuracy and efficiency.

Key words: Graph Matching, Machine Learning, Multiple Graph Matching, Mixture Graph
Matching and Clustering, Partial Matching, Combinatorial Optimization
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RAYRTRARAL:

(1) fEZ EIVCEL R AT, X TICRCAM R MR TH ARSI, S8FE. RIG
SEHNETE;

(2) REWSHI FITCAR SRR AT AR M & By 22 R B SE UEECA L s 5 STHUEE T QAP [JEIE SLHY
L ULR

(3) REMS MR B ER 7 R PR RC AU B 82 ST,

(4) REME RN AL PR ELIE I DTAC, Z2EIDLAC, ZEBKITAE, 2 E UEACF 2 AR IEA
()RR A B e o SRR,

12 HARATSTEESGR

ﬁﬂ?@@?}%ﬁﬁﬁ%ﬁﬁﬁﬁ@@, BAHHE — N ETE/IMb-F kb (Minorize—Maximization,
MM) HEZERIHEA2 S &L M3C (Minorize Maximization Matching and Clustering), FU&& 14 H
FIEMEZRRIE, BATTRIN R — MATHZRSEHEFR (relaxed cluster indicator) X Hi{E &L AL
A TR, DS E GRS, N TE— PR & BEERM, RN &S8R
PREEHIME LIRS, T TR M3C IR INE 2 SIHEZE, FFH R TIARAELIE S (edge-wise
affinity learning) >RUCHCKERES, I AHLUE IR K ZEL (affinity loss) SRIESMUEFRE, PA
L ARZEIERE (pseudo label selection) SRIE 2 SRR ERE,

XTGP A, Bl T2 HO R 70 I PEBC H AR PEEC A 2 (unmatched inlier) 170 s, (outlier)
AITE X, FF o3 A AR I DL RL IR R A s & O TE SUE R FATTENL SR 7 SR PUEC A A A g | A AR E]
(universe graph) X—#t&, FHHRHNIESFSIHE UPM (Universe Partial Matching) , &

O IIRRFTITE AN RICRL R, EIERITACLA A RIS

FooiFss5m



PR TENS

Y/ SANGIA A0 Tons UnrveRsTy AR AR HLES S STR RS 5
PRI, BT RS A EIERSE 5 R A TICRE, AR UL, X—77EBE T —’fi2
IR AR, RN RENS B shith B 2E RS EIER—8uE, JEH, HEIE R UE IS e K
X7 ARVCEC N SR A FRATTEE BRI T AN B HIFRA S PR EL (outlier-aware loss) SR A X 73
AhRo IXEERIHER AN EIE RNMUER N A T RILE 7R, EEEZE. ZREKIT
BoSE 7 s A IR 2RI,

gE b, ACEETIU R :

() N T2 EICECR LM, $2H—NEYE S5 M3C, HETR/IME-FR R ETEHE
ZOF ARG RRIREIRIE, R, RAsthEREFEFRR 4L T 88 RIGRIILIL A, ZEIETE L
REFNEAMR AR S BIE RS E B E SR,

(2) =% M3C IR AR FEIRE FSIHEZ, 8H) UM3C HEiEmE, BRI REET
HHIRERIE ), MCUEBIRREL, AR IR B ROk R M2 ST ) iR & B,
HOERR M KRR BT E GANNRY £ WillowObject JX —#(iE4E F H @S %8k
BBGMP!IH1 NGM®,

(3) M TFE o EICEL R, MR, Fl14 HRITE A RN SE X, HFHE
H T IR PR AL 88 2 ST TUAE X 03X R 28 r B, AT B (K (R TR PR R AR Y 5 |\
Mlas > BB A,

(4) AT R EVCEARERY & —E SR S AR UPM MR R4, BRI, FA
R A EHE U 2 SR FHRICEE A AR, AN USRI BCRIT RSN R, 48 HIiFEA
T T BB T UERA XA - a0 55 BB A TR S B A P 50 5 [ DE B ]

(5) RESEKRH, UPM E&R T REGEE L EL8Y THE N TE L8 SIEEIFIE
¥EY, FRNRENGRIZLRE RIS E M, BRI, UPM 25— a] DARN b
“HEVCEL, ZEIPCEL. ZEIFRAEICEL, B & UCEC RN STk, AR ERT 1%
BHEESNERR, B2 INEICALEE,

#
5
S
5
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BE MBEXHR

2.1 —Etfgn) s

LSRR UL AR A2 —RIDCEC R, HAU B Ao RTSOSI A 1-1, GAGMPi&E
it B2 F A 1T B E AR BRI AR i -0 1 D P ] R 2 45 R e M AR S [PTJ@L,  RRWMIT OV 3 A 7
#rEE (association graph) - FHFEALIFE (random walk) 77 723 & PEEC [A) R T 3K iR
RRWHM!" 'Rt RRWM FH AR B0 H B @ 4ERY T LAME B DS++, DS*2211& 1t 7R [FFY
T3 2O E PR B ™ 4% AL 58 21 7] @ (convex problem), S4 5 15 485 SR % 5 0] R 4 iR =3 [A] LLPM PO 1
H T UK DEEC AR hiAg B HAAGH (Lagrangian relaxation), FEFIHFHEE (sub-gradient)
HIAHE A5 HT (dual ascent updates) K5 TR ILILHAS B H X873,

2.2 ZEILED )

X2 EIDEECA R, HRE AR A -2, 1E EIPRECHY AL b, Z BRI T
TEIA— BRI 2R — A H 22 9K 18] 2 TR AT PEAC OC R HEA T SR TEFA— B+ a0 2 R 9K &
Gi, G; Z TRIHIPLEC A 1% 5 N E B S H 1 G 7= A2 BIPEFC AR R — 2 M2 15, X = XX o
WA R Z EIVLELRERS 2 E TR — B — M, HFFEE RN TIE,

F—RTEERT BRCREE, EREREEEETHERTE CAOIY, MGM-Floyd!”,
PAN B TR EERI 77 15 MatchOpt!S!) TPMC?Y, IXEET73EE FHZ KE Z R EEHE
RIERHSHI AR — BIVCECHAT I, 8 BALHI B 30 2 838 @I Ju il B AR Bk sl
RS TEA— B,

55— AR 173U 20K 2 (] DL E (R A 5t 2128 42 2 (], Pl B 1 A [ R AS 20—
BRAIICACSS SR, eI R EROAR 2 RAIE A — 2, FFRIAH — 88 aI e 77 1%
HEAT SR AR 5140, B 73 77 7% (spectral clustering P2, 4 IE & #LK] (semi-definite programming)!'7)
DANEET B SR IUIE. 77 75 MatchLift!!) (i F 225 75 1713 7% (alternating direction methods
of multipliers, ADMM) RACFEES 7> Z EIVLAC AT, DA EFIZSH 77 IR A TR U EE
F DC O B TR A — BRI 0 I D P BEAT, 59A —2E LA, B4 MatchALS!'®! | 4
RS T HE U BUE ARG PA — B AR SR fig sl B & A,

1 2502 EVLAL (Incremental Multi-graph Matching) J& T~ 22 €] DTAC [A] @Y — 2840 8 [/,
falE A s e Um ARV EIEEC 7 5, I ZESROR AR s A B S ARG, IMGMIPIE AR TIX —
L E, HAA PR EAER S T 2 EICERReE, 2 E LA EEREREH THEAS
& DTBC Y (Al F % B FH, MGM-SPFA i1 FastSPEA'MF| ] SPFA &% MGM-Floyd H1fY%
B R % | R 2 7 B B 3 FH T 1S R DC R Y B R R (AR, KRR = T BRI, e
K VCELTENL a2 SR R I R B R RAR B 2 H, MARVLER S BETLEN I E X2 E
DCFC (A A TR G HYIERC, o< T [EIULAL, 2 [RIDCHL Al R A 2R IR A] L3351,

2.3 ZELEREKRE
% ] DU K I MU F 0 SRR P DEPE I RN 1, R (R BN o1 SRR R, 0T
B ARNE RS, SARRANER. EEAMREIETLTIX M5 DPMC Al

Fa1HES55T



PR TENS
7/ SHANGHALJIAO TONG UNIVERSITY ECER R AN S F SR A &
GANNEU, DPMCRUZE — PR S RIKR e, BIBEIIIEEE (supergraph) _EHHE— i
KA RAFG BN LR, FEARIEAD B 45 & B T A (LR BB A =2 ok B 3 DR B 45 R
GANNPUR I — PN ERE Y SR, SGaE TR BN EIERE RIS TIIZR M
MR R Ia A T EOUERER, M TIRRIBGEREHIRELE R, BT BATHERNE R
HERE, F L T/ERR TG UL T A2 HEYZR LR, M IesI RS,
NBIEFETT s PEBCY [RS8 70 Bl pls >+ B

TEARH, NEREEREHEUE S BRI —DNEAh, —f/E W75 2SS E
MR AR /RIARE2SE (Hilbert space) FH/FIHFTERZE (FIU k-means 757%) . E4E DPMC 1
GANN 7ENHIRITESE A 7 B THECUE ARG REC %, 5—FKETERRKEIE
% (Max Cut)#UEE ZEHETE (Multi-Ca)*>4), ETETBENA, RKEKENEE
B A, BE NI ES EZ BIECUEEE, EEHT 2 E

2.4 EAEINEFEIIRE

TR o ST SRR ik 2 g AR B T R R B DLAL R HH, GMN  (Graph Matching
Network)?2 ¢ CNN Jz A 21 & DAL Al & H A A CNN M EUG R BURRHIE, S 5 T
177 2B D EL S R AN 20U B T ) DD e B R AT >) . GNN JRABAYSEHE 2 “IE & J LASME
B, GEE TR XHIHAKEKER Sinkhorn 73 VLB K e, B2 —P4R A THLEFSIK
AT IERRE, CIE (Channel-independent Embedding )0V id 1 #x A FIEE T &0 oF F| EIE I E
EIHHIFRE T PCA (Permutation loss and Cross-graph Affinity GM) B3 £%)|£5, BBGM
(Blackbox Deep Graph Matching)?H2 i T — M5 E& T 45 (Spline Convolution) 7 Y Fijvifi
FHIFPRENER, JFIEIS LS B Ek R VCEL K AR B AR FE A T IR AU AR 811G 21| T SR 4T Y ILACSS SR
NGM (Neural Graph Matching Nets)!>* 214 H{ BT~ A] 22 ) B SR g aR BN T e — A% #Y Lawler’s
QAP 153 751%, DLGM (Deep Latent Graph Matching)? 5T BBGM, Fi| B LSRN AR Al s
USRS ST — SR NS DR =& B VLRI PR, HAE ST 5 HAth 75 5 22, SEfAT DA
1z HENE R RV B DT A A

2.5 BHETRAESHZALHEFE R

RAAHFE R (Maximum common subgraph, MCS) 5 —[E# 73 VEEC A B M AHL
HIE. AEBN T ER AL FEIFIAMENA, EMaonsbs, &R T B A
A ARG RS 73 R DR B R, HLA 2 ST T AR S | AR R AT F B R, MCS AREAR
T EFEEE, HHREIEREEEE e —B TR, AR, EoELEH, B
PR BRI RITEL,  BERTHY TAEYIRIA k-hop <P /&K HFRE, FFEH GNN
HKgwhd+EBIEEH T IEEC, 75— TAESYAH DQN (Deep Q Learning) X MCS Kfgds
WS & I RO T, 15 2158 RN = A3 2 ST,

2.6 ZANE/NG

AREEEIER 1 & VEAC R 2K 5T, BURE SR —EILAC, 2B IEhE, 22 EIBRET
B, #Ro0 B IEECHI B R A I BRI, DU B — B IERCA L as 7 S Rk, TRATTE 2
T EIDCFC A & RS AR A2 AR TARRR R, FHF R T AR T3 TR D B AR R
ASCREFIXETAE, $2HTATRYE VEAC R EOR R as FIA L as 7 ST,

FS5miFEs5m
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F=E WERKCEXRERSIEFEEFIRE

3.1 HBEXRFSRAEKRENX

EX 3.1 (LFEgAESE) ULhCH A REX—MERE o8 M A TE CAO. MGM-Floyd!'® 1455
72'2':', FER) 2 H—4H — E VLACH & 7= A Y TR : Xs 6 = X6,6.X6,6 - - - X1 Gro AT —
ENX G F G Z [AIRPCELH ALk 2 R ERR — B Z R AR AT RERT LRI &

Px(l,j) = {Xgi’g] . ng,Q_,-|VX§i,Q1 ..... ng’gj (S X} (3—1)

EX 3.2 (BE) BESYEHTHEZEILE, & Gs = (V.8 A} PR AZREL
FLHIE vV = (G, ..., Gy}, WRRESEZEXKR, BBy " EILRAHEMEE, A €
{0, 1}VN FH DAFRR B I Y R AR

FEBEETHNE - FBRREHRR - DIREHEHE Hik, B®2E 6 3 6 NEUE
Cr— Cvn ) ENXAEEHAEIE X, = X0 X, - - - Xop v, WAETUEE, 7EIHEE
&, 65 G, MICEAERAZSRE SN

PA(Z’J) = {Xgi,gl .. 'ng,gjlvail = =dagg = 1}, (3_2)
tite 6, 5 G; ZAEEE FATERBREHEE,

EX 3.3 (BREHIR) FEHEIR C e {0, 1}V EXN:

Cij = N (3—3)
0 kz.

R cijejr < ca e CH () RIHBIRNFT D DESM FRMNETAHR LR C 1Y
SRS BORTROR, IXEIEAK scc(C)s.

32 ZERELRREEX S

AR L, ZERKIUCHLRIEE — MR R, PERCAYSS SR AR &R BHE (L AUE
SRESBOIX 73 & 892851, 102 B 2R B ARG X 73 Bz, ] DA SRk 5 [ S8 A B PERD
fetto

2o E — EIVCECAB U RE FERN SR 2N N, ZEIREILELRIF R Lk BAR 7 (X, C) AT A
HhRL:

1
max <Y cij - vee(Xi;) K vee(X;)
X,C Zij cij IZ]: J J J J
S.t. Xijlnj < ln,-sX;I;'ln,j < ln,, (3-4)

Cikaj < C,'j,Vi,j,k, SCC(C) = ]VvC

Xij S {0, l}nan_,-’Cij S {0, 1}
BATARFMER X B —1 ) BIIERE, 55 ATERBEIEI K E 0 BN,
Mo o BN T PIEERSER/NZHTIENIL, [/ — SRR —SAE R UBI XX, <
X, Ve = ey = ¢i; = 1 REORIE, BUERIEE IR ISR,

ForiFs5m
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ecar Oduck (7 clusters

Initial matching
and affinity score

Output: Clustered
graphs with pairwise
mapping in each cluster.

Input: Mixture graphs over
images of multiple classes with
given key-points and structure.

Obtain cluster result

: 2 ) ;
1 Minorize-Maximization yia supergroph ;0 U {PUt matehing

3-1 ZEIRLILALRAFS M3C-Hard, M3C 5§ifE DPMC2 RS X bE, i :
DPMC I EE T 75 i 9F H AW EARIE, ik M3C-Hard A2 T /ME-eK
WRIERIMEEEARUE, HIXONRER SRR, HEKPLAPORINIZ, IR : M3C FRiRE

R TR 2IRRS IR ISR, R WA PEAR LR AR 1 4F AL AL,
Figure 3—1 Illustration and comparison of the peer method DPMC™! for solving joint graph

matching and clustering, and our M3C-Hard and M3C. Top: DPMC applies tree-based
optimization and has no convergence guarantees. Mid: M3C-hard enjoys the convergence by

Minorize-Maximization, but still suffers from hard clustering (see Proposition3.1). Bottom:

MB3C relaxes the constraints on cluster structure and could converge to a better solution.

33 =IME-RARUWEEIESR

A SCHE ) GANNRUE —s— M ER RO PR ECAN SRS, Hm AR 2 1 2 R B ISULEL A]
RIS (AT REY RARATER & K Fo DPMCROHRHY T — R B UL LSRR R R (ILEI3-
D), [H2HRSENRZE, Fit T86 2 B SREIUE AR VUil 5 R R AN R R R,
AR PR AR S RIE, BATX BIEH — N ETR/IMEb-Be RMEETE  (Minorize-Maximization,,
MM) HIREZE,

FERBAMACEIR F(X,C) PEM MR, FIAARERMEH MM &%, KR
fTHEA A(X) KRR X FEBERNRRER, kK 7(X C) HEBNEE X RN E
bR fo BB EFRE XA f(X) = F(X, h(X))e RE—BME, BATE,

max J(X) = max F(X, (X)) = max rgggx F(X,C) = njgilcx F(X,C) (3-5)

MM FEREZRR TAEFEHE 2 HE— MR E ¢(X|X) = F(X h(Xy)), FHEREEL

F(X) B/ M. RALERER ¢ 42 = EAR R B E S AR RS, SRR B BN

« MEAS IR B SHEMARAR XO ERMANRBERMEFRER ¢XX0) =
F(X, h(XD)):

c® = h(X(t)) = arg max : Z Cij - VeC(XS))TKU’VeC(XS))

c ijCij 55 (3-6)
S.t. CikCkj < Cij,Vi,j,k, SCC(C) = NC.

B g(X|IXD) A
g(XIXV) < £(X) MTIEX, g(XIX") = £(X). (3-7)

F7o1HES5 T
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o AL BRAA g(XIXD):

XY = arg max g(X|X?) = arg max f (X, h(X"))
X X
=arg max .
5 Zyen G

st X1, < 1, X051, < 1,
PABIRAAEIART PAGRIE f(X) Weil, st BIEAEZRS,, IR R,

IEBE (WREME)  FRIE DL EE X, Tl C = h(X) N X RIBERNEBIHER, HENX F(X) =
F (X, h(X)) BRI REEL AL R AR AU B T — 20 8 T E T HA SRR AR
g(XIX®) = F(X, h(XD)), ZEREE g(XIXD) EWEMH, B—, AN F(X) = F(X, h(X))
FMATHERMBRER, A TMENXA:

e - vee(X;)) Ky vee (X)) (3-8)

g(XIX") = F(X, h(XD)) < F(X, h(X)) = f(X) (3-9)
B2, RS
gXVXY) = F (XY, h(X")) = f(X) (3-10)
BTR, BRITRAMERER ¢(XX0) MARBBEE £(X), BIARIETARI-8AT
R, IX— 2] ARSI (922 R DU SR AR SR T
BN HGHITHDE S BRI AT, N TE—00ER, MIERE:

FEED) > g(XEDKD) > g(XOIXD) = £(XD). (3-11)
HOZ AL BAR AR,
MRAEE UCE A S E X, AL EARBRE RN 5L, e R, Hksi, 0

AR, BATTRMEZR AT DA I AR BRZERTR, BIUNTERE, ZHER BREREE
RBT BRI R, RN, SR EITRCREN 16 ST DU T R R,

3.4 hERSEIEHR

BT/ R BRI, (E MY 4 T P ) E 4 B8 7 A T B 2 b 2 Rk
WS BIRA AR, TR DA A S B AN 8L,

3.0 (BRAWSRE) RS RN (N, N,..... N, } BEE, #%
$ERR— Ut FLTE 2 JE R AR

@ — o+ 5 () A7(®) )y — (1+1) As(r+1) (2+1)
CO = CD i (N, NG, N Y= (N N Ny, (3-12)

IERA (ERRURSGRE)  RYE MM AEZRHP IR KM IR, QUSRI RSB — 20, ™

5K [ R VCRCEE SRR R, R, X, AR THF AN S5 e H At DT A B8 45 5
ISCE

A N

JE =09, vl =0

,E\:EF[ Jij = VeC(X,-j)TKijvec(Xij) %ﬁﬁ?ﬁ@ﬁ@*ﬁf&gﬁdﬁo

(3-13)

FeTIHE S5
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FAMEFSEZRIE, BRI C # C+Y Rz, MUERHEZR, BA1E:

FEXD) > g(XHVKD) > o (XWX, (3-14)
st 2
?-(X(Hl)’ C(t+1)) > T(X(”l), C(t)) > T(X(t), C(’)). (3-15)
[t
T(X(Hl) C(t+1)) _ T(X(Hl) C(t))
(t+1) (t+1) _ (t) (t+1)
ST eIy P m DI (3-16)
lj ij lj ij
>0.

RR AN N, N Y = (NSO NSNSy R

et =% el (3-17)

ij z]
RYETT1E3-13, FATE—HFH

?'(X(Hl) C(t+1)) _ 7_~(X(t+1)’ C(t))

(t+1) | g(e+1) () g@+D)
Z (t) Z J Z J )
Cij

ij

1
(t+1) _ (1+1)
a0 2 2. I (3-18)
Z Cij ei=1,el=0 e =0, =1
1 1
=—( J - Ty
ch(jt) (HI)Z(”O ! t+l;(t) 1 Y
¢ =l =
>0
[FIR, MRAE Y > 00, el =1, BATA
JY - JO > Jo - T, (3-19)
Moy Mg ' cff+'>;,cf'_)=1 ! cﬂff';a'_):o ’ cf'_+‘>§,cf<>=1 '
2 X
(e+l) g0 _ Z (0, 7@
c; -J > 0. (3-20)
(1+1) ij Tij < (0 i
Zcij ij Z lj ij
(K1,
T(X(Z), C(t+1)) > T(X(’),Cm) (3-21)
BEWE CY AN XY KRIEREM, SRETE, FTUERITE CO =i, O

ani3. 1R, HATE RN, REEIRREER, HRlZE, MM AEZRFH
BREHHE RR TR, —BRIRNIETE, REERRE P 2 NI
S, AL, BEERZEIRFRIRA] T B ARMLAI 2 R, FEIXARHESRE %ﬁ &, PLECEERAREMIR
A LR RERE, NIMEHARRERERA—MREMMAER, Fit, TR HARS TR
TEPRAUREZTH,

b
e
=
\|
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W
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JFARTEE AR R A PUR B — & BB B A & P U BER B (X2 HERE
EFRRERD . BT RMUMME, BOTARHIRAEIEIR C 124 TR T B EE AT

Z ¢;=r-N* (ZFZH, global constraint);

! N (3-22)
Z éij=r-N,Vi (JAEBZIH, local constraint)
J

Hrebr e [0,1] B2—THTEBIMEEXN A LAESE, 2RLAREH] T EFERN B
Kok, mRELERNIBRE] T8N EFNEREN R R, BAHEXNHTIRE R C Aok
ShEEFFEFR (relaxed cluster indicator), &AL R MIEA:

1) KAt EREFENR NS TR R EEAIBEEZ SRR LAIELIBRR cincr; < crjo R, E
XA BT AW, R ARA — D E RGNS, ] DIRREZHILEER. FHAISE
REERSAEEIYERLAH,

2) BEEANTERREZEIFPHRSEIERE, ©r DUEFREERESHCUEEUERIER, M
Mt = ZRH ARSI R, TR TE3.6.4H 48,

3.5 EFHsmMEE: M3C

FRABFATHR H FIAASER 2R EFR €, FRATERFRATME R M3C (Minorize-Maximization
Matching and Clustering) HIFJ6M, HIE, FARMAM =504, M3C YRR ILEB3-1F1R
2:3-1,

3.5.1 #laEfk

B W — BRSS9 0a — RIVCED X0, A T EIERCR AN ATHTENS DTH A
SELEXT,  FRATDESE RRWMUOWE R FI4E 8 — R VTHC K i es

352 HiED R
FRIE3 AFPTR AT, SKRARFATER 2646FR C BIN:

A A _ 1 - -
CO =h(X") = arg Cmax vl Z cij 'VGC(XS 1))TK,~J-VCC(X§; D)
Y (3-23)

s.t. ci; =r - N* (global constraint) or c;i =r - N,Vi (local constraint).
J g j

ij J

Z50E XU A r, AUEBUER T — U2 EE K, Hitt, KETE- 23 IEFEAES
R EEEREX, N TRBLR, BATRIEECUELUER A B AT, JFER
) rN? DNEDXS, T REFZIHR, A TRaKE, AT HAREAR R EUEE THEF, FFE
Bl rN Do AT R k HIFATE  (k-nearest-neighbor), PA_ERAHE 75 1553 BIICE
global-rank #/ local-rank,

AR 7 — RS T 2R R E LR AAIE R bi-rank, B J0E X —XE (G.. G.)
HIRHEHEF N Ry =i+ j, HA G, 2 G, F i IEHRBE, G, 2 G, 5F j IERIRRE, A
Al AR S HEHET {R, } B/ N — BB [l ARIEIX O A 7775, BA NSRRGSR K45
i € BT DA 2 N7 (1 5 [ 2 [ 4 SR R SR R AU S R

#
=
=
S
5
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ik 3-1 35 RTL: M3C
Input: AR T, FHUEREFERE S K, AERIS.

1 JE R VAR F S RRWMUOE E 9146 — VUL SR X O,
2fort=1:Tdo
1% KRG ER +/
3 M =AP#93 %% global-rank, local-rank, bi-rank JEII 3K i 7 #2323 1Y

C = (XD FEE R g(X|X0-D);
/xR TR
4 | DAY =CO MEEE, RIESE- 245Kl g(XIX0D) RAMAEE AD L
UL

5 end
6 ME X0 1K, @it ZEHIE RS E RRE R BIRER LR,
Output: VLAIZER X)) BREEH C

3.5.3 AT E

FEERE M PR AMP AT R N IRZEFRIIEAL, RO FREEIaR g, A7
U R RURADRE KRS 5 BIFERR A A T I R B AR,

IEANFRAERE X3 2746 HEY, BEHEH TR 2 B EMEZ RERR, Eid
FastEREEENR, FRATEPR L AT DAE —NESE 2RTBEE: R M K EE TR —3, AT
B BE—Fb, HE b, SIXPHEIE R A EIER A fEEUE 5 A TIERIA
SERAKIEIR C BRFER—FER, FIUFATL A =C,

L Py FOREETRRIAERE A AT (IRECHES TR » B 5 2 B IEACAE S
LR E AR MNAR PR B, TR BAREEAZ AR

X® = arg max Zvec(Xl-j)TKijvec(X,-j) (3-24)
XijePyo) (i) 55

AIDVEN, G5 G; 2 AR I3 Z R ZRENS 4 B KA AR Pyw (i, ), HREERR
B E T R — KA BB ULACRENS A B R AT REMERR LM, XX PR SR AR RO B 2R 245 R
BE B, BN T3-S EMIMERIIEIR C I, H57RE3 248 —5

ItAN, SRAGEREAEIR IR R AR B REER R FEFRIN, B8R SRR LA A EE A B R
IEIN X PERC A LA I 2 & AR Rl — MR R N, R 77 R 3-24 2 0 77 3-8 R 2 iz,

RYE DL EBE, FATHERZEFEAR C REEE, R AT DAY KA B I PTECZ
Bz, M AP BRREF RIS AR IR S UL T &, W — D4R ST
AT ERRFEFRII B R, NN BRI E W R R 2R AN TR EL S 2R

3.6 EBREFIKE: UM3C

RS ST IRAE BT Fh EEG 8 7T T2 R 22232526 FEUESL T CNN #1 GNN 1
NFHIETE SIS R VE M, 2 R ZRSEVLEC MR IR E & AT I I B 2 ST 0 2 JEid Ak
FIHRERS, TATRENS M 2 5KTR & 258 BRI H Il kT BRI IR SRS S8R
(Kl Fefl 17 BiEId Te B SR 22 S R BRSNS MRHIE, DA — DR &R S R fgas Y
I,
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Affinity Loss I
i
- .- .
= Learned Affinity : Pseudo label K
Node Features :
I
—5 i

10)9R1)XT] PUF-IUOL]

- I:|s==_= l@ Relaxed |indicator C
K9t = vec(X) - vec(X)"T
Edge Features |_—|
=

@
Mixture Graphs over images | 0 |
— Forward ==» Backward Hand-craft Affinity Pseudo label X

3-2 JEMTEAE IRV UM3C Wi, AR 2 5K B R A R RHIE s A bR AT b i

AGERIB, EEHH Delaunay =AMFIMIESY, SATBRHEDHIH VGG-1652147HL

F£23d SplineConvMitfk, FHIEEHERE K il 23 325K S 4O RERE K FI“2 I

UEEHERE Koo FIMAIE, SRAFRS M3C SRiF % ISR ILAL SIS 2P PLAC X+ Ffhi

{OURERERS: KPod, FRBLEEH K PR EOR AR TSR SRR C IR I F i e D E LI R R
Krsd S50, JRIAHERRTR 3 i i Sk o,

Figure 3-2 Pipeline for unsupervised learning model: UM3C. Mixture of graphs of different

classes are input where key point coordinates are given and graphs are built with Delaunay
triangulation®, Node features and edge features are extracted by VGG-16?! and
SplineConv!*”!, The final affinity K is obtained by adding learned affinity K'*“"" and
hand-craft affinity K"*" (see Eq.3-25). M3C solve the MGMC on K and N. to gain the
pseudo matching X%, as well as the pseudo affinity K”*¢. Affinity loss selects the pseudo
pair based on relaxed indicator C and encourages the learned affinity matrix to get close to

K?*?, Gradient back-propagation is shown by the arrows

3.6.1 HAIRYE

anER-2fR, FATE M3C BRAFIE W2 ST RIREZE AP 2 3E B2 ST UMBC,
N2 3 [ 20380 T S 2R BR 15 B AR DU AR RE . — 45383 I CNIN F1 GNN ZH i 2 S A
RIS EFEUERERE Klearn; B —FIBdERMiE 7%, RSS2 CUE HEE Krev,
P MECUE RERE S B LR A G 208 B TSR R8s M3C SRR 2% ST A1 2575 Z 0 bR
5 TR AR 20 A T AR BL B4R Ok R B 48 2 ST Fe B 4 (M (DU HE K learn,

3.6.2 ETIOMHELIEZES

GANNPM#E T Koopmans-Beckmann’s QAPPSR AT —RIGIRMIE, XS RE
AR T ML EEAD E S B T BN 55, BLAEIZRwIiA, B = AR 1 s AR U R AT SE N, S0t
KR AR S R = AR AR R AR,

N TR SRR E B ERINER, UM3C KA #e G0 R 2 55 H AL Lawler’'s QAP!2![A]
o BATEFSIEAIAE I T BT IARAEUE S, IR RS B K g 2s mT DLBE A [ g R
KA TF L AT G STIFME SRR ERE A IE TR T URIEERER K, —
B2 BB o VAEELLEIC A

K = K9 4 oK™, (3-25)
XEFANTRA T BIER2E S IRARRO SR E 7 22 SIS 2| AU UE SRS Klearn, mATa R RHIEE

12 T 55 11
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I VGG-16B24R US4 Spline CNNWUYiLfk, [N, ETES 7 ERMEUERERE Ko [
FRATIENS PIgkTig R, HAE s TEd SRR UER. &EEda—ha—m1
FEHCLRE SE R A R

XA IE LR TR SRR RE R AR E R IE, RN RERB1R 2% S 2 IV RHIE 58 2 3RIK
REJTHR R TERMILAIIER, RS IERERE Ko TR S IARas Xrsd iR
FIEFIEM; mEH, ZIFNRHECERER Koo BT EFGAAMERRE Ko, &K, &
IRME B S5 R r] AB 23— 4R Eo

3.6.3 ETIARAR UL R EL

HIPEH, 452 R FTETNAY ST X A B SEDERE Xe' (BEIARSE Xred) 2[R, 2R
i, FEIPCES X 2[RI 52 SR (LR R REAG S RO SRR AR REMR, Y35 5K R E I TEDERE
Z AR, RO BRI S = MU TIERCR ey, BRRil, SRS IEF 2RO R
TERC T ANRE R R g T AR B VLEC A A B, IXAE R = S B ST 2RI B AR RS L RE
FE—MRPE AR ffrds A LB RIRIN, sk =0t [ ITACEE N A IS RE T

KItt, FATRH T — AT DA SR ge R A U R R, ERER B R H TR
FRCLRERE R -

L(Klearn’Kpsd) — Z k;;sd log(klpe;rn) + (1 _ kg;d) log(l _ ki)e(;lr") (3—26)
rq

q

HAR OB AERE KPsd IS A VLEIFREE XPod i
K79 = vec(XP59) - vec(XP59)T. (3-27)

FERIXE kg (AR KHE p 758 ¢ FINITR, X EAVELCUERR R EEHR 1RGN
HERLETHIEEIES BN RIOEOEEN, XAET AR & 7O ER R &%
M, HREIEHEINERCA R R R AR,

3.6.4 THFRZIERE

AL, FA RIS C FHES NI T BB R BT

HT/E GANNUTE TS 5K BRI A HE T L BT R - R] — S A O B SR SR R B A
Xfif, SE—BEREEETHR—MER, ZAERZS SRR HAEKIRN %
(R EIARZERT s RXAP— A IMEIR SERIRIBE (R E SR Xrd (IR, R, WREEe
AR —RRIER, anRITECHERR R, (AR IERME LA RIE,

At LS EAE FRE R INATE B, UM3C 456 TSt ER2E480R C IERA & H Sl
FE BB HEAZ IS (R N D AR s AR B i A AR (CURE R AOR SE Ay O DT ACHE R I — 5%, g
MR Kred BIPTE Al DAE— 159211 &, £7 L, SURRHRREECN:

Lo =Y &y - LK KE), (3-28)
ij

CIERIERE R A EECY, (EOTARE E AL T R SR,

3.6.5 SEIIAHTT

M LS KRR PR ERAY SR A AT R RUER B BRHE AT EO T —E B ok, BB
AR
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¢ 3-1 UM3C I vegl6_bn HIMIZEEEH, WIZAAE R H PyTorch, NMIFMFTIAER
relud_2, relu5_1, Ml final B, fAIIBEYH TR, B, 2RFHIE.

Table 3-1 Network structure of vgg16_bn that we applied in UM3C. The pre-trained weight

is download by PyTorch. The bold line denotes the relu4_2, relu5_1, and £inal layers
whose outputs are applied as node features, edge features and global features.

Layer Channels | Kernel Layer Channels | Kernel
Conv2d (3,64) (3,3) 3 ReLU (256, 256) -
BatchNorm2d (64, 64) - MaxPool2d - 2
ReLU (64, 64) - Conv2d (256,512) | (3,3)
1 Conv2d (64, 64) (3,3) BatchNorm2d | (512, 512)
BatchNorm2d | (64, 64) - ReLU (512, 512) -
ReLU (64, 64) - Conv2d (512,512) | (3,3)
MaxPool2d - 2 B BatchNorm2d | (512, 512)
Conv2d (64, 128) (3,3) ReLU (512, 512) -
BatchNorm2d | (128, 128) - Conv2d (512,512) | (3,3)
ReLU (128, 128) - BatchNorm2d | (512, 512)
2 Conv2d (128,128) | (3,3) ReLU (512,512)
BatchNorm2d | (128, 128) - MaxPool2d - 2
ReLU (128, 128) - Conv2d (512,512) | 3,3)
MaxPool2d - 2 BatchNorm2d | (512, 512)
Conv2d (128,256) | (3,3) ReLU (512, 512) -
BatchNorm2d | (256, 256) - Conv2d (512,512) | (3,3)
ReLU (256, 256) - 5 BatchNorm2d | (512, 512)
3 Conv2d (256,256) | (3,3) ReLU (512,512) -
BatchNorm2d | (256, 256) - Conv2d (512,512) | (3,3)
ReLU (256, 256) - BatchNorm2d | (512, 512)
Conv2d (256,256) | (3,3) ReLU (512, 512)
BatchNorm2d | (256, 256) - MaxPool2d - 2

o VRN W 2% 2540 DL AR3-18 Je 1 B AE ImageNet™ EFIIZRAY VGG-16852M] 45 A
relu4_2, relu5_1 BEEHIRHIE, 2BITEN F) Hl Foo RAEERZITE] CNN FHIE

F = CONCAT(FI, Fz) (3—29)

o RS RN BVRHEA B B2 AL 1B AT T LAARHE U, Horp, BIRBEEERE A N &
A EHAT Delaunay = A HI3P1EE], 2 /5181 SplineConv!* K B8 & B S5 A9 A0 S LA
B RN E SFHIE Fr A,

F" = SplineConv(F,A) (3-30)
SplineConv FE 9
1
Fl=—-+ Fi - ho(E; ;) (3-3D)
ING)] j;;,.) e

Hrp P R Ay, BSUE, N () FER Ay, AR,y 858 v, v, A — 4381
BHE, he 1XFEIT B-REAERUL BLIIRLRAL,

FIRURERERE K BORIE A, FROTEZIR K T AU IER:: ESRIRIUERERE: Krev
22 S FIRIAREURERERE Kleen, FIE AR SIS TR EA #R], MiEHEE UM3C H
{ﬁﬁﬁo
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BATESNE Kow WIS 5, EZEBIERIIENS161920.55 ) FEIXFE SRR AE (DL A [
Krew HEE mAEUERNZS ) MOAHECE B2 HEA: KEMCUEMAEEME, T
BB e = ((x1,y1), (x2,2), ERKERFEILNE d, = V(x; —x2)2 + (y1 — y2)?, EHIAEERE
fEIAE 0, = tan™' (2222, SUARIDARUZICE:

X|—X2+€

1
k;ﬁve\’z = exp _; (ﬁ |d21 - d€2| + (1 _ﬁ) |061 - 982') (3-32)

S STREBUE Klearn MWIRES: S M4 FR g B 2121200, Horb S AERUE Fr B VGG-16
SplineConv $2HY, JARHIETTE Y :
K =F -F; (3-33)
S STHURE U RERE Klearn Oy
K, = (F")TAF"
K, = (F)TAF*
Hrr K, RER—FrECE K, [(REZHEEUE, A TIIGREENE, T A B L
&a, MRAERTCTE3-251iE UM3C H i A RIS R FE K

(3-34)

37 RENG

REMERAFSE R, Nl T 2 EIREIERRRE XS EATME, Eefdt 17
— D ER/IME-BRR M RTEEZGFIERA IS, uiE ToRAURAShIR LU S RIE, BEE 1R
—MAASERZEAEAT, RERE 2K A AU REERZEAEAR I TRAGH, DASRBESE AP RO fLfe s |, A9
H— M T WS R TR SRR SRR S IR M3C, RS 2 EILER AR de il R 277
FEGER, &E, BATRRERARESIEE M3C IRAZFRRE A FifEd, FHHREET
JOHIARBLEE 2 STFIAR U R PR A, AN R T ARSth R R FEARAI AR B 0e 1, SRtk — D58 B o
SR, RS EEE.
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FNE WMERERCERFFSEEILE

ABESLEH, FrEIEEIFRBEYE—H/ 2.30GHz 9% CPU, WNTF 16GB ™A
EIRARHNN FIB1T, WAEES N Matlab R2020a, RS2 S J5iE7E— CPU A Xeon-
3175X@3.10GHz, GPU 2y RX8000, 7% 128GB Y Linux L{EA _FizfT,

41 BURESMLEHEZE

Willow-ObjectClass it 1ZEHEEPE 5K H Caltech-256157 1 Pascal VOC 2007814542
T4t 528056 KEG: 40 5KISZE. 40 SKEEFEZE, 50 KIS T. 66 FKIEHFT 109 5k A\, &5k
B EE 10 DREERARES, BATHSESER AN LRI, BREFFRUIIASN, Shsty
RN, EL5HH Delaunay — M3, N FETZIIEE FRATEMERERTR
12, KB EGERBTEIMRRIL BAE, HAETE] 256 x 256 142, FRATFENIEERE N, NEFIENE
N, KEFFHRAERFAN (DUREICHN N. x N,)o BREFZREASN, BAREES 50
RIEHFEE R,

ML N TR RSV 1%, L5 32264 H M3C-Hard, M3C, 1 UM3C: M3C-Hard
ERMHEHPE TR MM AEZE (W3.3), HAEMESBRER TIERETTE,
KB T MGM-Floyd 7572, M3C /23.5H /M AR T ARt R IFEFRIE L, UM3C
FE3.6 AN E A SR, GRIMTIER, WTCRIRUAE, MAThIRIEAR I AR
PBIME T bi-rank Bk,

AR EARE IR S NG E NI IR TR R, N T IR Sk gds, B
FZH DPMCRY UK MGM-Floyd!"Uxf bty PRE 3 7l 00 2 BRI B R DL BC AN % B DL fc e Se gAY
Kfgds, A 7 A AL FEN4 16181

XTSRRI LEER, FlT T UMBC 5TC IR B9 GANNRY DUKZ 4 Se i () e B A Y
BBGMOFT NGMv2#4 HE1 T LR AR,

4.2 MitfstR

FATRIERTIER-2 M PSR (Matching Accuracy, MA)P SER4GEE (Clustering
Purity, CP)™, B#/lFEFRTE4% (Rand Index, RDI®Y, SRR (Clustering Accuracy, CA)POME
JIFAI TR PLBC AT SRS v 1 B P E AR

L= NERERTNC ={G...G.}, FEEMEN c*, WIIERER C, REfEhrAE
T CE (), TRMAIERSEERRN C(cyy), PALFERRAVEEE AN

PLBCHERITE (Matching Accuracy, MA)  FATTAEZERAMITEFEE, [RtiEd T p—24
HIPRIES, BATE
MA =

1
S Z cfi - ACC(Xy)), (4-1)
ij ij

Hrr acc(Xy;) FonILi X, BHERATE,
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Bk a1 BAEE AR
Input: VLAEEE SR X, ML RERE (K}
1 NE—NEX, REGEPUEEUE: J;; = vec(Xi;) TKi;vee(X));
2 RRREREEIER B {75} = KNN{J,}, 0;
3 RPAEBLEE S5 (B RE R {J};} R FBRRE D, FIGRAELT ZHEEBDIE DURFHR
FAEHR C.
Output: R C.

BR4lifE (Clustering Purity, CP) T X N:

1 <
CP= ) max |c,- ncel, (4-2)
i=1

Jje{l,....Nc}

Heph ¢/ BWIMEE i 12851, ¢ B3 j MEBINEER.

REPLIER AL (Rand Index, RD  FOREA EREIEMRIEA LG

RI:%-( Z 1+ Z 1) (4-3)

o] 8= —0 8=
c,-_,-—l,cij—l c,-j—O,cil.—O

HA Y, o1, oo 1 FORA— KR BIUIRE — BB, 3., 2o e | TRAFSEHTRIIARREA
—HHIEEL,

RIUETE (Clustering Accuracy, CA)  E X N:

1 |C.nCl|c; N |C. nCallC, NGy
CA=1-— 4-4
N, CZCZC Cal ICd] *CZCZ; Cal Gl =

Hrb €., G, WBREKEMHE, ¢, Cp NTMIHIERZE,

4.3 RN 55z
AV ASERTE2 PR TINR, AR LRI,

T VLA 2 B DLACR e ia T 2 B SRKILAC R E ., O 1R — EIPTACAHI 22 [ DLtk
fRasic T 2 EBREEILIA RSN E &, FATE LR EMNRX LR P E2 & IEAE R
Xo ZJa, FATESEFRIAIICAEE R X MG E IR (K} i R EE KRR
fabR Co TEIHEIEARA, FRATCEA X AT C AILHL, BRRGERMITIEM,

RERFANiM,  NTERORES (R EILE, ZEITAE, ZEERRITER RS, &
TERAE—MERAERRE, BANEZR4-170R,

FH—BRNATE B AR CUERAE /;;, 5T ZA O BUE R TR, It
REBATEAE AT ERO R 2 H Y FAE SRR S A TR S I RE R, IR, X T — DB, W
RHEAF—IRELR S —KE kTR, MWITHEM A EEERE Y 7, Ry, &, K
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7 4-1 UM3C S,
Table 4-1 Parameter of UM3C.

WillowObject
param description
3x8 5x10

Ir 1073 1073 learning rate
Ir-steps | {100,500} {100,500} | Ir/=10 at these number of iterations

train: 1 train: 1

a weight of K"
test: 0 test: 1
B 0.9 0.9 weight parameter in K"
o? 0.03 0.03 the scaling factor in K"*"
T 2 2 max iterations of M3C

R BUE 2050 0, X EIBR k (EAHTE SIS 10, FBHLIE RIS
2R Ik

He FORBATRS {4} IS, LRI RIS #IBIAY, 4528012 Ak
WHE R RIS BRI, HARSrd, H T RERINTEOQ AT, BAIRANTR
AR — BRI 5,

SR, ST ARESIRR RS, RN BRERIRZIFSIA TESE r, £X58H,
TV NAFEESE AN A RIESERTE SR AR B HSFHRR, BAOVER S~ £
B _ B HE R I AR T, JOTARTIL EEI B KB IEEE, FERREER A Mtz
HA I TE AR LR Co

T SIER, UM3C RIZE0%ERES WAR4-1, B SRR S EEe IR IR aG1e S, R
W25 RIS ECHATIIZRAI I,

4.4 ZE|LERERFKRNR
441 ZEBREILFL R ESL R

FATE S b M3C-Hard, M3C 1 UM3C 5 Kf##s DPMC"!, MGM-Floyd!"”!, CAO!®,
MatchLift!'*!, MatchALS!'8!, RRWM! JEIEE 7 STAEA GANNRY | — [R]PLRC i & 27 S s Ad
NGMv2*, BBGMPOHEEIR, Tl HLIRATEPIAVIETE, 75 N, =3, N, = 8 HU%, BEFEZE. 1
TR LTI,

AT IEREE R R4 2T RFATHEE S E L M3C 5 H AR SR EIEME LIRS T
HEf NG R, FHAEEMRNNAERE, ERANEANEE L BREE 19% Kt
BCKS R AR = OB 8EmE (5EM T EME AR 12%) o £A 2-4 MM E
T, BHEE 3-5% HIBREMEMIEIRTHIY 3-4% BYVCACHERRE IS, S5HE4% MM HEZRE 2
M3C-Hard fHEE, M3C JAZ#EIT 4-6% ) MA $8FHF1 6-8% HY CA $2 7, X UEAR T FA THAG
REIERAERE, SR LTS, M3C AR FERI, FRER T HSIM R EEE,

BATLEIE R, FHARFTE B2 B UCEL K ff#s & n] AR £ 5 FH T2 B PCEL R 2R
%, MatchLift 1 MatchALS PR fE#S HIMERERR BRI, FATANIX 2 R 91X L8 5K g de i
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%% 4-2 WillowObject B P AR IR L FISRRILALA P IIINIALTER, Hd MA 0%
PLACETR, CA,CPRIFGREREVR, BIANMITHFERIHERR .

Table 4-2 Evaluation of matching and clustering metric with inference time for the mixture

graph matching and clustering on WillowObject. MA is the metric of matching performance,

and CA, CP, and RI are used to demonstrate clustering performance.

N XN, 3 x 8, 0 outlier 3 x 8, 2 outliers 3 X 8, 4 outliers

Metrics Learning | MAT CAT CP1 RIT time(s)| | MAT CAT CP1 RIT time(s)| | MA] CAT CPT RIT time(s)]
RRWM!'?I free 0.748 0.815 0.879 0.871 0.4 0.595 0.541 0.643 0.680 0.4 0572 0.547 0.661 0.685 0.6
MatchLift!"¥! free 0.764 0.769 0.843 0.839 7.8 0.530 0.612 0.726 0.730 10.6 0.512 0.582 0.701 0.709 115
MatchALS!"®! free 0.635 0.571 0.689 0.702 1.3 0.245 039 0487 0.576 2.5 0.137 0383 0.480 0.571 2.6
CAO-Cl'! free 0.875 0.860 0.908 0.903 33 0.727 0.574 0.678 0.704 3.7 0.661 0.562 0.674 0.695 4.9
MGM.-Floyd!"”! free 0.879 0.931 0.958 0.952 2.0 0.716  0.564 0.667 0.696 23 0.653  0.580 0.690 0.708 29
DPMCR free 0.872 0.890 0.931 0.923 1.2 0.672 0.617 0.724 0.733 14 0.630 0.600 0.707 0.722 23
M3C-Hard free 0.838 0.855 0.907 0.899 0.4 0.620 0.576 0.684 0.705 0.6 0.596 0.587 0.694 0.713 0.7
M3C (ours) free 0.884 0911 0941 0.938 0.5 0.687 0.653 0.750 0.758 0.6 0.635 0.646 0.748 0.753 1.0
NGMv2#4 supervised | 0.885 0.801 0.843 0.825 9.0 0.780 0.927 0.952 0.941 4.7 0.744 0.886 0.916 0.906 4.7
BBGM*! supervised | 0.939 0.704 0.751 0.758 1.6 0.806 0.964 0.977 0.971 4.8 0.747 0.881 0.918 0.908 6.6
GANNP! unsup. 0.896 0.963 0.976 0.970 52 0.610 0.889 0918 0913 20.6 0.461 0.847 0.893 0.881 30.2
UM3C (ours) unsup. 0.955 0.983 0.988 0.988 32 0.858 0.984 0.989 0.986 33 0.815 0.981 0.987 0.986 3.6

%% 4-3 WillowObject Bt PHRIAAEAFRE, FEVCEPIRMER, Hrh, MA I
CA 73 PR BCEFN SR S
Table 4-3 Evaluation of matching and clustering accuracy by varying the number of
clusters, and number of graphs in each cluster on WillowObject. MA and CA are used as

matching accuracy and clustering accuracy, respectively.

Ne X Ny 3% 20, 2 outliers | 4 x 20, 2 outliers | 5 % 20, 2 outliers | 5 x 15, 2 outliers | 5 x 10, 2 outliers | 3 x [20, 10, 5], 2 outliers
Metrics Learning | MA T CAT MA T CAT MAT CAT MA T CAT MA T CAT MA T CAT
RRWM!! free 0.658 0932 | 0.642 0.858 | 0.665 0.790 | 0.648 0.693 | 0.664  0.679 0.633 0.681
CAO-Cl® free 0.849 0946 | 0.812 0.855 | 0.820 0.790 | 0.801  0.708 | 0.804  0.679 0.787 0.757
MGM-Floyd!"! free 0.845 0945 | 0.812 0.878 | 0.819 0.807 | 0.798  0.727 | 0.799  0.707 0.778 0.755
DPMCY free 0.867 0942 | 0.827 0894 | 0.775 0.772 | 0.739 0.713 | 0.756  0.744 0.795 0.823
M3C-Hard free 0.758 0966 | 0.782 0908 | 0.726  0.824 | 0.710  0.753 | 0.722  0.719 0.727 0.744
M3C (ours) free 0.857  0.961 0.851 0.933 | 0.835 0.900 | 0.812 0.805 | 0.809 0.780 0.792 0.881
GANNP! unsup. | 0.532  0.834 | 0.589  0.801 0.528  0.784 | 0.551 0.802 | 0.552  0.827 0.475 0.802
UM3C (ours) unsup. | 0.874  0.992 | 0.897 0981 | 0.879 0.972 | 0.876 0.975 | 0.878  0.975 0.872 0.984

AR AAL IS 7T SANERC T2 BIDLEL SRR R 5, AT ASRITIE S SEHI SR 3 - RS 1 IX T 7%,

JER B A SIBRI LR A R FATHRH AR IR B 2 SR UM3C BRI HAL 7551588 T8
EFARTE: EUCEGEMTE L, BIRE T 5 H AR SRR AT AE B 22 ST AL GANN ML
6-13% HIEEF, PANTESRSEEERME L 2-14% BITEF

HWBESIBRIE s R TR T NGMv2i 44 1 BBGMIOWE Jyxf kb, 2 ST RRARUET
£ ZEPCEL 75 RIETE S, AP ARRIRANREE BRAMTIGR T RERBET, BB
PRIz IR S HAM B A E PR T, UM3C R EZF M T IR fEUCE R 12
F2-7%, TESRFREMIE LR 2-18%, IXERRIL T UM3BC TERHIESE BURIAR(CLRE B R A -
WAFIRES T, TR, BAMSHENE/R: 1) ZEIFEEICELREF, RAERB R LT
gk, MESALEL = R EAEE BRI, Fit ST ICELERE LZERE, 2) M3C 2
—DNETREMBA KRS, Hr] DA AKARFEZRERECUE Z A ZEE, BBGM Al NGMv2
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Figure 4-1 Comparison of three ranking schemes (local, global, bi) by varying number of

graphs in each cluster and number of outliers
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Bl 4-2 M3C ORISR, 1E 3 x 8 BusgiRt |, BATURIREIME AR, 2 FEVLACAERR
ERIGA, A DR EAEINZRIE R P G AR B AL R HERA PR DU BT IAES R
Figure 4-2 Ablation study of M3Cby adding components under 3 x 8 without outlier setting.
Left: Evaluation on matching and clustering performance. Right: Quality of pseudo labels

while training by iteration and the respective evaluation performance
HERTRAMFTE BRI, TRt/ s L e,
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TN, TN =3, BAWMNKAT 20 5KZE, 10 5KEFEZE, 5 5KEZ =, GANN Al UM3C
#AE N. = 5, N, = 10, BN R N TI18R. EFTEMNKA, FRATBENL=4 2 NS,
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44 3% 8,2 9MAF, IEERRCTIZRITIECO TR SRR, A -MC 1Y
FIEFORE 2RI R RIL,

Table 4-4 Comparison of Spectral Clustering®”! and Multi-Cut**! on learning-free solvers

under 3 X 8§, 2 outliers setting. Algorithms with ‘-MC’ use Multi-Cut in clustering.

Method |MAT cal cP1 RIT

MGM-Floyd
M3C-Bi

0.709 0.567 0.673 0.699
0.687 0.653 0.750 0.758

With Spectral Clustering

0.709 0.603 0.716 0.724
0.687 0.634 0.734 0.745

MGM-Floyd-MC
M3C-Bi-MC

With Multi-Cut

X 4-5 BB PEESH R, FIRAE 3 x 8,2 JbRg R FilEfT, X T M3C, &
SRR R ISR ISR, X T DPMC, & EIRISTHE A SRR R A b, X LR
5 E MR EH .

Table 4-5 Changes in supergraph structure per iteration in 3 x 8, 2 outliers setting. For
MB3C, the structure is the cluster indicator, and for DPMC, the structure is the devised tree.

The number is the edges changed per iteration.

Tteration \ 2 3 4 5 6 7 8§ 9 10

M3C-Hard | 1048 056 0 0 0 0 0 0 0
M3C-Bi 2044 204 156 024 004 008 O 0 0
DPMCPY | 10.16 6.16 3.28 120 048 032 024 024 024

4.5 M3C 5 UM3C BESHR
4.5.1  FABERRFEHRAIE 715 Hh

FAHEARFER 7 50T IR H ) =R st BRI A 77 1A . M3C-Global, M3C-
Local, M3C-Bi 733|451 XH global-rank, local-rank #1 bi-rank #0755, FATHIMNATEE
EXE N, =5 IER NREE—XPENEE, BEE N, =5 N, =20 FIER NI ERY
BH, XM RPET, ME4-1, FATATI M3C-Bi I A TTIA, R AERTSCHY
T, FATFEZRA T bi-rank FIHIE 7715, XA T global-rank 1 local-rank 2
ARG R RFEFRIRAF AU, HEAh, IXEESZRh A T FRAT IR ARt SRS E i i 77 A&
ROEHERERTZACEE ), BMETER 10 MMRRTER T, MITRIARREMIXE] 0.5 DA EAJIT
FCHERATERD 0.65 DA RAYSREHERTE, RN, BEEEEEIIEIN, UM3C fEILACAI SR KRR
T EAH RS XMMRE T BAER2 GREHETR) F, M3C IZReEId H AR
KAy, BfERA-3 CEEZRUR) B, RSO0 T H AR SRS

452 (HRISELG
EIBPEMIR BAE N, = 3,N, = 8 TAMSERIS R T UM3C &— Mo 1E
WME, FETEEE A M3C 8 GANN A1 GAGM KfEgstiE, AT GANN &6 {#
SplineConv RANAAFHE, FrATIXEMIXFI N SplineConv X T FA 1G5 RAIFM, Frf TR
UM ZE A SR B AIE PR bR 25 14 AN 25 T30 AR DL 2 ST B8
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TTEEET 3 x 8,2 SNSRI R AT 2E ST,

Bl 4-3 M3C FIBR S AN SAEINIR 5 5 ST HHOUEE R FETZ AL PR

Figure 4-3 Convergence curve of M3C and generalization test of the learned affinity matrix.

MNFWRERS, E426ERR TSRS MIKN S RERERR, T, &
MZRRY A (AT 100 #0150, SHELTTIEMLL, BRI IR EERE EF 5% /Y
TETT, I HBER I E S E ERID IR, RN VAR R A S MRS ST
FEE AR

T ETORECUESYS), E4-27 B BRI RO 2 ST BATHY 52 SRR =
£ T ERRIFEM, X BER T EGUHIHE CUERPY R BRI DU ST 2T 1A AR U YL B
SplineConv A T2 ILFLERAMETR B DTk, TR, BIMIELEIRECAET T GANN, il
HAFRATRY SR e ds M3C HUE R,

RRTTIEHMILE:  RAARTR T IEREFIEL R 2 HFIEPIESN MGM-Floyd 1 M3C-Bi
R, AI, BRTENEEKES/ D, HEARNREGTEH AN NERELER
RIRNRZ P AEARAR BRI, FRATTAN, RIS LS RATIRATE FHIFAIILELE SR N SR
KB X SR U EUERERE, 2RI B IEMIERERE R R ZRNER LR IEFR —£
Wete, HEERARNIZON RAFERAIRCR = EMRAMERIRE, Kitk, W08 THIRT(ERO 2R T A
FEILEER, FAHEHAR SR ISR TR R T IR ENRNTIRZET %,

453 UYesEmL

F24-5&R M3C-Hard, M3C-Bi 1 DPMC &F—# /58K 2, fEIXHE, M3CH
LENPR IR ALTENR (BN TREABIELER), X T DPMC, HEHa SN KA
B, RAEERENZES LA EE E A E 3 A - A0|, H A HEE]
()8R 12 RE B

Al L, DPMC FIEE#R MBI H B G ANEEAS ISR, M3C-Hard FILEAE ISR E] T IR
fif. M3C-Bi A SHENEEIIRSUERSE, I HEER PRI, XL RERUEST TFA]
FE3. 4542 H 0 A URTIE I A e R

E4-3afB I T BIEAERILSIE R : A BT B BIEAE = FhRATH S KRR A B 7 725
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Figure 4—4 Sensitivity study of the parameter » for three ranking schemes. Experiments are
conducted under 5 x 20 and 5 x 10, both with 2 outliers, on WillowObject. The marker denotes
the performance of our chosen r, which is to add edges until the supergraph is connected.

4.5.4 FELEREREZ AT

FATTR 2 ST B AR CUE B A T2 A MR A0 B R TR P AR (LR 2 > BB R 5K
SEIE 3 x 8,2 AP M FOHAT A SIRIINR, KRR RA 7 RRWMIY ([E2h M3C HH k4]
SR — EIPCELSK AR ), LPMPRY (%38 BBGM HRARIKARRS) F1M3C, F A
M T BBGM, NGMv2 Al UM3C, XfF UM3C A Kleern 25 TR, E4-3bER, UM3C
S BB EAEPCEL ARG E LB & B Uiz b, BBGM #5221
FEMCLRE RE R H BEIGHL T LPMP SKAESS, M MR AESRIRIL, I, UM3C /4 fIAE L
JERERE 5 BBGM HHELE R EENEHE & LPMP RURIM, IXLEERUERR T FATE TR E S
HIARE, PR S BRI RE U B R & R 1

455 ESEEIRENIN

El4-4fE7R T1E 5x20 f1 5% 10,2 bR 897 5= PARIESE r B9, AIUL, M3C-Global
HIFRILTE r > 0.04 Fl r > 0.06 NEAZE, MHEHERERIE r > 0.6 ENR T2EE TE, X
BEREBIMEEN2RARFEE—NEHEIER, —WREIMAETICEE SRMNEER
o, FER, EAORE M SRHEE R A /N, M3C-Local F1 M3C-Bi HIZE RN &IX
MR, ETR, T 5x20 B9850 r = 0.15 fl r = 0.03 J2IRIFER, ST 5x%10,
SHE r = 0.3 F1 r = 0.045 BEIR AL,

AN, NFAREEAFARRSE, &EN - 2REN, NS MEAKEIRERN r i
THREZEIN ], [RIth, TESEPRMERNEZLEF, BADEAREE — r, MERBARAFmL, 5
FEENERE, E44FRIRIE ) i+ BIXFTTERLE 5 x 20 f1 5 x 10 s HHES) r Fi
H ISR, SIS MR, XM ESRIERAE r FIECUE, BBTEIEERNET
RETENBEL NEEFEITRENTERE, XHEBANTRTCHRRINE L SR FER M3C Tl
B 7715 UM3C BT,
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5 DPMCPIRIf£4E MGM-Floyd!" 8L, M3C Al UM3C TR B T EARH & 4%
FETRR. 2 N HI n 3R Z BRI SR, T EAA RIS EUERE RN R 229 O(N?n?),
M@ E R R E AN O(N? log N?)o FERINIEI T, BATSAEBE Efm X510 &
141, I MGM-Floyd B 748 O(N3n®). AT, ININEVIAECHEEZE I N T RINE 0,
Sk, ERZEER T, BT XN Dt v SORERME, N, BRA-RKEKRE
B, AR, EHRITERAMTEIEN R EEA— B E R T A R AR, 45 F, F
TTHSZRRIZ 1T [ERA 20 F DPMC AIf£4t MGM-Floyd, JXFERIHOEH S8 T BATHIZE SR
A /DI A HEC IR,

4.7 ISEBINE

AEFENH T RATHZ B DLALSR K Ay M3C FTFIRE S B4 UM3C HYSLgnss
Ro FAHE Willow-ObjectClass IR T Fefi 2 H SRR FIAETL R MERE : B A 5
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@ matched Inlier © unmatched Inlier @ outlier

[ Construct pairwise affinity K,j, and solve two-graph matching —— Correct == Wrong
ﬂ Kap
— e i e

Previous work

[ Construct universe affinity §,, §, and solve two universe matching ]

Universe Graph ﬂ Sp

== O y
N =

= = A
& e—

absorbing node

5 Y
UPM f1 score: 0.77 accuracy: 5/6

5-1 FEFrp ] EIRE 7 BPLEL Y SIBR (Universe Partial Matching, UPM) Fil¥% DA K2 5
e LA STV BBGM M EE, FITRARFESEr) - FEIDLACBVRIILL, 5615 UG R
r ) P Bl R S — AR R AR TR R, 9 AR MR s E DL ALY UPM iR
55. WA RIEERE Jo 5 bR EEATULAL, 2805 b ) P e I PLACEIR . A REE
72 DN R BBGM Hl UPM £ PR BRI X 531,
Figure 5-1 Teaser for our method
Universe Partial Matching (UPM), a universe graph based partial matching solver, and
comparison between matching instances of BBGM and UPM. Compared with the pairwise
matching model on the top, a universe graph with all semantic inliers and an absorbing
node is introduced as a bridge for matching in UPM. All the graphs are first matched
to the universe graph and then pairwise matching is reconstructed via universe graph. We
show the performance difference between BBGM and UPM on real-world data on the right.

5.1 HiElEM AT

F B RE AR PE T (LS I, SR i — IR I, (BT 0 A R s
AT ATE AR L3RI R A 15 25, LRI bR o, 0 T — MRS R T S AP b5
HEATUCRL, RelTE Ui IR 5| ATREES: S EURE R, EBA L RRAER: 1) HHE
TN AR R BT A RS, AT SR A X SR — N 2T 2) o
RIS — T — IR SRR AR, 3 G Bl AT DA A 2730 0 P D 3 | A —
NG R,

5.1.1 2RMATHYEX S

PATTE e AN PR T [ VE AL A A% SRR, 2627 A @ I 288, fE— P &L
BOSERH, TREGTURZH— BN MKER (Pairwise graph correspondence, PGC) ik
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Table 5-1 Categorization of different nodes for matching.

‘ VCACA S (Matched Inlier) ‘ FRPUCEIAI AL (Unmatched Inlier) ‘ AhsE (Outlier)
EXEA | v | v | x
— UL | v | x | x

EM, PGC KRN REBEERNI S —KEFEGAELX R, HE—NE (Ga Gb)
FHEMEITE X, My, € G, Y PGC N:

19 Zv_,—egb Xi;(vbvj) = 1
O’ Zv,—egb Xi;(vivvj) =0

SRT, XA R AR RN 7 KGR, I BZHS T IR RIS B RAAE, Fit, AT
MG — DI R EHTE SR EIZRA,

TERIVERC2Idr ) DEECAY R ETE — M TUR T RS TERME S A HaERR, 280, X
ITRBL, R AR RAEARFERE I N R A, BIan, 75— D2l ITED A <A AT
RETE 55— DERIHP TR R K, XWAMER T, 2> mAE s E 77 MR gEsE 2
A, HEEEMHEMRE, RN, SMUERITRI, HHSKITEHRIES: SRR S Fi,
&G, MMSHSEHERER AT, HFERE S 5 HMAUER, FL B, TN
AR BT — RA B DS R E T RIEE R, B S 2, AR sUTE DL e N 7 2
AFIR RN, DRI FRATHR H T AR RN TR R 2,

BATE T =28 IEECAN AL (Matched Inlier), ARPEACAIA (Unmatched Inlier), #
Hhri (Outlier), HAFMFENFATIRAITTART R RIEEENFERZHEIEER, B
TR TE VLR AR A AT B AT AR, AR dE A2 BN RSB TRE X TTAR T R =
BRI RIARS -1, FIXE, FARIEPIRIE SUF B TR R 31K 7 R PTEL N R f
Hhrle TR NRIE A BRI E ET XA —MRIZ: BAREEXEENTRIESH
B, T FEA S RS RN A TO R AT SR, R, HERANTREHER 2B K,
BAWKIE XGRS —E2 5 M S ANMRR, TR XA RNKIT A
FHER, FIFAMHRH T2 EMN MK ZR (Multiple graph correspondence, MGC) >RiE X1 m
A BEANEIE X EE:

PGC(Vilgu’ gb’Xitb) = { (5_1)

1’ ZQ;,EGZVA,-GQ,, Xitb(vivvj) >0
0, Xg,ec X eq, Xop(visv) =0

Hrp, ¢ RERVIGEFAERIE, X RRITEELILRE R,

EFFERATR, MGC Z1EZ EIILECAIILA N TEERE A RIE G fHESLITHE X8’
TE X, R, —ETACH)ZE SRR AR X 3 IX I (1 23R T [ [ Y
2SI AZWLERESTTES, REAVIGEIEFIERN2RER. WES-1HrR, RHE
A RERIE LS R R A B ARIBYRIA, Btn] U, AR ROE I A (A & A] ARG
HIR X o HiR, RSN, IR B ARIER B 7 — AR, B AR — D R e
Fh R AR B RO DCRE, B EAIHOEE S T R AN R ERC S 1 TR 2 IR SR 2

MGC(v;|G., G, X8") = { (5-2)
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5.1.2  EILER G —15

RN, EIRECH A SRRIRESS, i T EITAE, 2 EITh. 2 EIPTEERE,
W EAILACSE, BT PRIERIR, FrE B REER AT DOEE A e HrIEAL UPM fEIR,

— VLA 2 [ VEAC 2 [AARA R R Z B0 E TR A — 2t 18, i@, RIEAFE
PEEER AR EIMIEEC A OZ B FE R, EFAHTTIEF, PREEN—IDHLOE, FrERAR
EER A0 (A B S TICED, PAE S IRl IR DL A B 2 — R PTACEE R, R, 78
I— BRI — A ORI EE I R 1 B i e . tBai@ i, — &I DRFECHT 22 (& DERCE A R RO
I MEREIZ—

TELRZ K ILECA, oy B2 K ITECAR, ERT{EPIFREH, fEXEkH, =
SRR EEEAR —RIERGHT, TH2REE N R FIIY, B, EREmRaig
Fr, BRGSO, HAMEARSIENES . EXMET, KATERE
IR S R R AT — iR DEAC R Y, tRFFEEA— B2 S, RArE R E &t
1T IE S AN FE BRI H, T AR REM S, REEH R EMHIARE R TR
UEAC, FATHUA] USRI EARAYICACEE IR, IR I A &2 2 MR R T B B, R,
XFER TR B A BRI R k. BT EIPLECAE SR ] DOE I A () B A DR AeSh R4 T
HiE, RONAFERAGENA, X, SREREHHPRES T4,

55— 2 [ VEAC RIS A TR SCHR 2 A 22 R DERC SR ZE A0, R 2 E UL e i R
Z5IILEHERE TR 2, FFHEMEMERINAR, XA el TR, 2 E VTR R
TR T B R AR EE NGB TEAT LR TR R ZEA A R R A
VLA, 22K VLRCERSE RIRIRE Al PARR (o — A&k oy DEEC AN, T FR Rl A] PAX 0 5 R,
MITHEZESR B ARIZEHT T SRR, (R, FiR ERERS RO 22 R DL RC SR 2K (R,

BEMEZ, FREMA N T ESEE SR =, A A ITECE
55 A DAE AR R B A DR R R, FRATTHR AT UPM AR 6] DAAAI A (& DT R (R R A 58— 15

m,

52 FREIEEMEFS
5.2.1  FRIEJEARUE A IE
FRAE RS AR A RO BE AR R MR TT 15, Z RITAY A2 252600 Ry AR (DU S :
Su» = F,AF] (5-3)

HHF, e R, F, € R DHIFTRE Go, Gp FIFHAE, A RAREUERTAI S SR E, XA
MRS T AR E T — N E Z RO, Wi0EE 52 TERIRE, *F T &7 B,
RERIMERBINE Z RIEYTLAAREUE, T SERHER R AR E R ZERE, F582lth+
BOENEHI AR EUE S TEBR 0 [ DEEE AP O IB IR, TS BORCURE R R o T R

FEARSCH, AR B — Mg AR CUE 3 75 1%, ROV AIERAEUE (Universe affin-
ity) , SRICARER > B PTEC A R I PR, BRI, FATAIE 17— i A ) R
FARY F™M Y HRIRIE U, SR S B R R IR RT AR DE S0

S, =F,AF] (5-4)
Hr A, f1F, TEAFECECSEHI 2 [BHEZNE, © M = A FT NA[ZESINE, BA1E:
S, =F,.M (5-5)
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FE2E 3, AT A )z [l e Tl FEAMCURE, 4 A R ORI 468 % PR BBOR
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RMESFRPRIGE R, IR0 BEE = RBRRIFHMCURERE MR 5 fa — SR AR SR e
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Figure 5-2 Overall pipeline for UPM. The pipeline consists

of three parts: front-end feature extraction, universe metric learning, and universe matching
solver. In front-end feature extraction, we extract local, middle, global features for each node

with ResNet50!°!! backbone and input them to SplineConv!*"! to obtain node feature. In the
universe metric Learning part, we build universe affinity between input graphs and universe

graph respectively and train the universe graph with an outlier-aware loss, which will
be discussed in detail in Sec. 5.2 and Sec. 5.3. The red nodes in universe is absorbing node
and red element in matrix illustrates that it is an outlier. In the evaluation phase, outlier

filter and inlier solver are adopted to obtain a discrete solution. Outlier filter removes the last

column and the rows of outliers. Inlier solver applies the Hungarian algorithm!®?! to obtain

universe matching results. The pairwise matching is reconstructed from universe matching.

XN T AR T — IR, BATEHEI T batchnorm Ml relu BRI
FEEE S EARER M, SR T DARR B v o 2 A i ] TR BUE

5 MEANIRIE AR PR B T RURFER L, R IRIE R # RURFIE F, TE3R TSR R A 1
FIMEE, BRI RSN & M s o, Rl H m ) 5 s R AL 12 B v TR TR AR
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E AR AN R F SRR 5 &

u feature

Sub-universe of Each Classes Feature-merged Universe Node-merged Universe

P 5-3 Rl MRMEIET TARIH, W —KEoR, BRE =1 rmE, Ho e

EHARBGER, B, =KERER 7 b R AR s ) TR S I, i

FRHIEh 2 B RE G Fon b B E RS RHIE F, rPRERAEIE, ST RAER bl E b 2

Pt 2oRn 1 R E PR LA RPER S TE i, TSR R R I &5 7 — i
i, MR R AR L,

Figure 5-3 Illustration of two ways of universe graph construction. There are three
sub-universe graphs with nodes and features of different colors. The second and the third
graph show how universe graph merges these sub-universe graphs. The blank rectangles in
universe graph represent the wasted channel of the universe anchor feature F;. The color of
nodes in the feature-merged universe graph denotes that several nodes of sub-universe
graphs are aggregated together. Note we aim to show the concatenation on node features.

Edge features are ignored and the adjacency is meaningless.

FEE A EE, PR b B R R R TR AE R RHIE 22 TR 0 BN RI BB 70, iRl — B 70 9 5,
RHIEREATIERC,

AR, 5 ERIECEMEE, FREBUEFASROER, B ERIAECEZ R PR
A7 I A R AR D R R

Su» = F,AF] =F,MM'F] = S,S; (5-6)

E PR AR ] EAEHMCLRE T DAIR] IR B A 75 AR, FRATIESE PRIV 2 ST AR A lGT 134
FHER#S, TEETUN=RZE: 1) HTEPIEEEHFEREING, M ERIEHE
EBT™ B RA, BT I RRMOUE 7 SRR T ICRC R I, EEXIFITALER, 2) H
THEM T SplineConv X RAHERTOU, FRATFSIBIN RFHEFH EEA&E 17 JLAER. 3)
FRIRE A EREER, FHIENTETTRREE (U5224), E TP
JEE S ZARE AR T HAE DA, &7 E, ASeAh, BTG ARTHR 50 B DL L ) A A U
INEAREST

5.2.2  HRRIESE T

P DR AL R ZOR A ) 2 R O AL, LR ) — R AR S AR
R FFIRODCHL, Bla, Bl AEET — MR, REAEIRI DR T 2 OB T AR
HODCHE, U2, T — M RRIESE, SIHErE — N E T O iR R B A
RHE, BRI, XTSRRI SRZX LK E R R KB R I E A R A 1 —
NTEFIE, ROV KA TEFS T rh i U, e E % S S Eio fe
(FD,. F™), F9 ¢ RY REH v, ¢ U, BIHE, n, REMR AN, S, S
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U TR THAENREE, ERRAER: F, . FP ) EEBRNASOH RE
RAEHIE, TR IE A 2R B RHER QR R R

FATET XS o ] ST A 5 AL 12 EH AR 12 - BT RFAE A P (R IR B 70 /A P R ], 4=l 5—-
3HFTRG

HFRHENhEE 2 0 RRERWFHREXN, n=maxn;, HAPEERESFHEF
RETEDTHRESSE DI RRHLE:

F) = CONCAT(F\, ..., F) (5-7)

U FRRYRFIERL n BE7E BB AN AR R AL, ERHERIAEE A — D EE A9 _E BRI I &
RFGERES (EAEZEIRIREARAIRED o [Rlit, XS A B IE 75 TR I R 2 )L 3K
R, HIEHATHRZEESER X ARE RAIIET,

ETHRPRE <0 RRITAFHRBENT R 0 = Yn;, THENBAURE
T T AR E B RFAE :
U= Ju = JE", .. Fmy (5-8)

IX AR [ [ BRI AS IS 77 200 AN RIS B BURK, Hom] DAEZE SR B A FIZEBIHI M 9K & TR HY
ULEE, FrDASEIE A T2 EIPLERRIX — R, ka2, ETHREEEREE EESE
m HIRERTTIE R, MEAh, T ArE FRHER ML A E R RIS 2, HARFAERTAE AR
AR ERAL R — 2, UERE A RZHNEERIRSE 1. WES-3HEEFTR, B
ME4ERE AR S Z AIRIAHR O 9), MIsKPR A 3 NlE, R ER T SRR
EHH 6 MEERTRE,

FESEERHR, FRATTAT DAIEI 22 r () B 9 A AR SR I SRR IR R B X R A2 . %) T
ERAERRIEIE, BATTRT AT ITA AR BORRHELERE, X [F — 2RI R I ZRn A TR
o MTETTRARRRE, BAUSHHITEEBIRR IR, G — RIS dE R E
FRANRIZEAY A EIPTRE, A B A PERC B IR O 2 ANPLEL, RHIEIEE A o BlIE I AR & B
RHAES], BATRIERHEAE L ROV F R ESRRET, WATER R EREEM RS T
B A AR,

5.3 I REBREMBKREEILIT

—MREAWEIER, IMRFEWRIGH B OB ISR E AL RL S R, A, &
MREEIR) EZAPRAAE T, MRS RRAE X MAEACR, R ILERZ AR S5 5%
fE—d, K, ERIEF, SMEARERRAERET ST, 7+ EREVL O BAEREZ ], R0
BRZAMIIEACEE IR,

£ UPM A1, FAHEFBE LR 7 — DRI s BRI RRI N B S, HF BIRH 7—
IV S IEREAENESE S S TiiE SR A7 N U Wy o el SN2 4 (B R42 -3 i NEIAENES]
B, SRE R EOE R R ATRI IR R
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Bk 51 E T EERYE T ICELE Y (Universe Partial Matching, UPM)
Input: EX} {7, I}, R { V), V)
1 M ResNet50 it relu3 5, relud 1 M final EFEEEHIE:
Uiocar> Fmiddies Ggiobar < ResNet (1}, L, Vi, V») ;
2 RRHIESREG Fi, Fo = MLP(Uipeats Friddies MLP (Gygiobar)) 5
3 JEId SplineConv FEI G LA AURFIE :
F, =SplineConv(F,A;),F, = SplineConv(F,, A,) ;
X 5K LT B A R AR (L -
S| « SoftMax(MLP(F))), S; « SoftMax(MLP(F,)) ;
5 if *t o 3] 4 AE4L AL then
6 | FESIFHERMRIER4ESS(A: F| =Projector(F)),F,=Projector(F,);
7| WENHSREE: Lo, =5, 16, /), EH 16, j) HTRES-22(1F
8 if D%k Y4k then
9 | EREEVIUMEEINE: S) « Si(in—1),8) « S:(s,in—1);
0 | HEVCESRER: £ = BCELoss(S/(S)T, Xa) + ¥ Leon
11 else if WX ¥ then
12 | EBRESE—HICARS BANRAT
S, «OutlierFilter(Si(;,:n—-1)),
S« OutlierFilter(S:(;,:n—-1));
13 HRESHEEZALA: X, « Hungarian(S)), X, « Hungarian(S));
14| CRAMRATIRAL 0 FFATH X, X, EE T EIITHER: X, « FI11(X)Fil11(X])
Output: —E[JLE X,

=

5.3.1 FEAHRRREL I
HlasaE SR E VLEL A @A) DUE iR K S BEEVRECAEUE ISR, 47E — I 2Rk
A XY GP,60Y,1=1,2,...,N, HLEs%SIH R ICED RS E AR S AR :

arg max | | Po(Xa = X166, (5-9)
0 I

H X, FORBIBIIRIUCAL, MRIRATHRAART X, BOBHERELIS, AT DU AR 5
B AR
Po(Rap = XaplGas Go) = | | Po(Rij = xij1Gas G- (5-10)
ij

)CA,‘]' %D X,’j %%”%%lj—_\‘ Xab %D Xab E/‘J_‘fj—‘, J@ﬁjﬂ%ﬁ Vi %D Vj E/‘JILE@E)FH{[;{EO \B‘E%ﬁ\, Xab ZEI%?‘Q:

EVURERIAE(E, THSEE K, 2281 X, (055, FHAHE IR,
% p® = Po(e = 1) FR v, M v, HIDCEAES, Fell 1T DAt — 5 (el B A

arg max [ | Po(XV1G0, 6,7
0 k

=arg max ) ) log, (5] = x{f) (5-11)
PRRET

=arg max D2 xiog(p) + (1= x{) (1 = log(p()),
kK ij
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HE5 =t XM (Binary cross entropy, BCE) —2¢, [HEIt, FAMARERTE> BCE #1
KRS I VL8 > B LD Rl

L=Zﬁ@=28w@mm> (5-12)
ij ij

KT ZEUEA (G, Go), BB AR E L ILECHER pePo 2 pl ANREF R v, € G,
FAFFTRIE U B4R v, Z IBET AR R DEECER, AT DA 50N

per =) Pt = (PP (5-13)
vieU
Hrh pe (ph) ZARIERI A v, (v;) ZIRIHT R R E DEECHE R o34, FAS A RN AR B S, SP i
ﬁ)ﬂ—ﬂé (softmax) #RIEE1FEI
BAHE ORI E BRI, kAT BCE 2 RN H ] AR LR 2 ST A 2 -

0Ly | o ZaePi (Pl =Py, X =L

98y - ;’b X PPl =P, xi; =0. -1
LS v, LHOBRREZ RN 0:
Z@eiZmz MZm%pl (5-15)
BRRERIRFS E1 T pl (Pl — p%) B
(A -

o YPTRLIE x;; = 1, W ph K, So AN, MR pb, /b, S¢ LW, WAERE,
SRR L,y ST po Fl p MOKAEE,
o YULREEUE v, = 0, FTEITBEER AR, HBA po Fl pb SEAATFHE,

532 AR R BT
SRMEALR) BCE HARREGFMRRG IS, KINING v, v, ZIRIA BT

PEICR, FHIREDCRARIE po F p? 2 AL EARSERR, (ORI, SR
FFUCECE] A E R B Ao 0 T RERIX — (Al P TEIE KPR LA pe? 85—
F (BB SR ST AR 73 PLBC R «
Py =) Phrhs (5-16)
k=1
[N ERENEE EIR
n—1
L= Z BCE(pij»xij) = Z BCE(Z p?kp?k’xij) (5-17)
ij ij k=1

TEFTIR KRR EORL I, 1+ n HUESE % AEHERKRHIZ:

a

0L, o L2 PPl = Pl = phpils Xy =1 (518)
aSLC; lf:b : [Zﬁ:l piak(pjb'[ - p?k) + p?np?n]’ Xij = 0

ij
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HIFEH 5, p% (0l — o) — phupy X, HERTATEIEISRARST, % ¢ =n, P2

&

’ a ./ ab —
9L ={ PPyl P xi=1 (5-19)

aS;, ~pipiIpl, xi;=0
NTFAME, HKEASE UL FRIN M, FibE x;; 28209 0, BENTHRIBEE S 2 NS, H
55 b i) (] _E % WA s AR U KON 22 N R
MNTFAR, HETHRENEE S p, AW DNEE: A8 E L ERh ) DB ORI
Wk n, XFEMAE S, ENYEET 0, Wit S, WEERDERER:

n-1 __a b
. 2kl PirP i

a ./ ab
_pinpi'/pi' =—Pin n— (5_20)
! ! Zk:} p?kp?k

WAL x,y = O I, VB pe pb, MWK, THEMITAT U /ZNE R, I EBREEE T
T, BT, Yo, = 1, HSrEE R R R S A U TR OE,  [H
PPl BR—AEE (MRRR), MWTEY, ERUE (o= 1) GBEREAT T
(v = 0), I HRE— R RREE 1M T P45 e ) R A

g b, TR ST SR HIRIE — 51 (ShF1), TR R4 S BT UK 4
P ACRTAM, RN AT IR R L MR, BV A5 T BB R 1
NS LR B A ARSI S, AR IS 1,

54 JEEFIMABIFIER K

BT rh B B DCEC AR A, I DTAC ) R A ) T DEECAT A PLRE R AR SR b2 ST 2% N2 5%
FRo HEL b, MWIXMSIEECRIARE, FATATDHEERE (g = 1) MBS FRRYIE
FEA, HEAILES (x;; = 0) FVEXT LA RRITUREAR, FRATAT MR 2 iU [ DT RC (m] i b A
FHIERI UL BRSO 2 ST RN, T2, MMM &, FATME A SimCLRISIHR R e
STTIE, RANBAZE SRR R TIE— P R,

LIS RHER IS e, FATTOIMRATIES 64— MR g, R RRHERS 2R 4R Fr
fE=S [

F, =Projector(F,) = W,(0c(W,F,)) (5-21)

BAEFRRA—2 MLP {E AR 250

MRAERTSCHIMES, BATHEICELAY RO B IEREAR, T SimCLR X THdE#L & A/
2R, 1EEIN (G, G)) N T—XIEE ERYA (viov)),vi € Viov; € Vi, AT vy, AT v,
MPEHIEREAR, G, HERS v, IR LA, 5 G TR v, SMIPTE R, 08 v, BITRE
A, NT v FIEL, B, ST e, BATE B b SRR R AL

1G, j) = - [log exp(si;/7)
’ Dz €XP(Sik/T) + Xizi €XP(Sik /T)
(5-22)
exp(si;/7)
+log

ki €XP(Sjk/T) + Xz €Xp(sx/T)

Hf o B BB, s Fomm v, v, 2 IIRHERIRUEE, FROTLESI0rh R AT A%
FLUEE (Cosine similarity) /)X FAA UL RERHL, AR T—XHE, Fel T AR
ERIEESEEIE 1

Loon= 5= D 1)) (5-23)
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PR TENS
7 SANGIAIAQ ToNG DR EIA RN IR %
Hrp n RRA AR S8 EREHESRIRKLEEIT, FAMERZE y (FX iR
15 VL RE Y 25K
FERR|, XEERFHEY S T EHSIEARE R T B R R E T H A E #7515, BL
b, ERIPUWE R —FI 2R 75 7%, AR E B0RHE, 7EHMAYYLEsY > B DLADAE A
AT RIIEY S, AR BOEA B AL ST R DR EC AR RS 2 B 4 A SR AESS SR
TR 77 EE N2 2% SN Z B DCECAIRR A, FATA] DU —2 8 R TR R
EN, WEtER, ¥T—itE g,..., Gn,vi € G, HIEHAEE G, .., Gy THTARES HE
PLRERY AR, MAEEARNIELE G, . . ., Gy TATERSHILELH A G FRRHEAS PUAMY =,
BEISF, — S RORA R 2R BR S -

. exp(si;/7)
Dieri €XP(Sik/T) + Xg, 26, Lixyj=1,kx EXP(Sik/T)

1(i,j)=-(lo

(5-24)
exp(si;/7)
Zk;ej exp(sjk/7) + Zg,-;eg, Zx,«,:l,k#i exp(sk/7)

FESKRRSEH, FRATA BBGMPR IRHEETIIZRRT 7575, MIRAMTH UPM BERER AN
FEAR SR PR B AG S DEFL I R R BTN ER,  DOBEIN T mURHEE — PRI ZRRCR, TR
2, HHAMX S B RE SR, BAIIZGER BEREMF TET, WEES VIR
HiE,

+log

55 BiERRYSHEZIEITIE

TE DN 2 B0 7 PLfiX — A H BB HEER [, UPM WA —ERERM. H5t,
ZENNKFR (MGC) WY SR T HHREN AR, IXEFRE AR X 73 N SR Fh .
IR, XA AT (S R T RO BUAR AR, MEIRSE/ N R, SUE RS>
HINHEE, MGC AT SEME ST, WM SEEMERENME, ELEHY table’ F1 ‘sofa’ X
K, HTEFINEFBBRD, REMmBE, FA177ERERER BT R

FHNRREET, BATNEERN G B 5 R, B UPM AT ARG A
AT R MERPEDTED, BRI PSR R TR 2 (ERERY L, oSSR Inss SRAEISL,
BARFATE X HIFEICEE (ill-matching) FIIEEEVLAL (over-matching) AP RFE, (HZIEHH
HIPCECHF %A KiE B, hstEld, FAIEE UPM XN T HmME R 2 1EER, B8
—ERBH R AYIEED, X EZIHRT UPM &K —SE KB AN A5 A 8] BRI I R
ITUEHEL, TEREEEN, Y— N SRR MRS PR BRI, A UCECH R E =
L ECATE R, R — SN RSB EIb R X R AT &L UPM, EHAN
REMUH B A FR TN, IX 2 RAT AR AT DAY R Y 2 [

5.6 ZFE/NE

AEH, BATESNA TR PR ERX 8BS 5 AN LERE > B9 DERL AR #ERIEh AL, 0
PR HAI RO A TRV 2 EILEL A RUE o ZJEFATEE 1 A R BB 22 ST R1R
TSR, AT TR, BADS PRI EMCUES S, FRRIEEH, DRI REREER
R BRI AT T AIRY IS8, BATENA T 5T RELA R Ee 2SI 750%, PAR A
FIHEITNZR TR, RIGPATRTT THEAL UPM 1Y R IRATATBERYIA R
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BANE EBETrhiEEpE LR L

AREH, BAIMN=DHHERERNIELRER: 5o EIEE NI L, UPM A iERE
R504, M HENH R, TENEEE—™F Nvidia 2080Ti GPU, Intel i7-7820X
CPU @ 3.60GHz, 128GB MN7ZHY Linux LIEA FigafT,

6.1 HBEESMILFZE

Pascal VOC B ciBURES S Berkeley PRI S A 1L FAERT 20 281K, FA TG
NGM #1 BBGMZ 2Rt & A, AT E IR BT B IO FAE, FH4EE 256 x 256
BE, HILFENEGIHBRNES RS 23 MR A, FRITEMERTERHEHA Keypoint
inclusion’ FI%E, NI ARICEAIANSUE TN, 1A, FRATZFENLIE GRS AT
DA NN, BATEREENS NGM F1 BBGM HIEE R ENIAMIRE, H)IgidEe
15 7020 5k &%, MIAEIEERE 1682 5K &I,

Willow-ObjectClass it 1ZEHEEPE 5K H Caltech-256157 1 Pascal VOC 2007815542
4t 528056 KEG: 40 K54, 40 FKEEFEZE, 50 KIS T 66 FKIENRAT 109 5k A\, Bk
B EE 10 DREESAARES, BATHSESLRR AN BRI, BREFFRUIIASN, Shsidy
HEEHL=E, EZ5HH Delaunay — 30818, FRATEERERTRRE, HEBGEITZK
(L RAE, FHAEHE] 256 x 256 B F, BATNEDEAHIES 20 KE A TERIIZREE, HRE
R E IR E

MEETTE BT UPM RIZMRIE AT T, SN H1887 SR UTHEE K st
RIRIHAES SRR A, TERRMIAISLER A, 53 AU A M )| R0 =4, DAUREIR &
INERTX B

NFHES 7, SaifERA VGGPA ML REHE, AL, 5 ResNet501113k
TR ERBIRRIRRE DRI , N T AT AR, FA1H ResNet50 Bt 1 Fih 7714 09%F
1ETREES, HRAE R SRBHEANREBSEHITIIZ, £ MLP B, FHE4EE
E/0E) 1024 45, REFABATTERN—BE, 25 R TT 5SS PCA/IPCARI, NGMP!
BBGM™2!| DLGM?", & A NGM 1 BBGM 3G i (E K UCECA L 8827 S SR e Al
DLGM M5k 5 i 7715 1IE A R A m] AR A 23 AT, T DLGM iR AFF
KAG, BATCESREHMEIRRESHITEER, ReEERCIREIC SR,

B SR AR AR T AN BT TR BRI T >, FOmI S 2R CUE AERE A TSR, (R
TR F HH ResNet50 VI ZR15 21 BBGMPOHIHELUE AEREE N ARF S 5 50 . 3R ST K iR
AT ESE RIS SO CIRIIRE, BRI LR EERE: GAGMY!, RRWMUOL
BPFIY”) ZACI®] CAOU'® DPMC2, GA-MAMC/GANN-MGMC2!, HAgipg/ MRy &
VCALSRfiRes, CAO NZ[EULELKf#ERS, DPMC fl GA-MAMC/GANN-MGMC h % [F L5

acaz
=
S
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2 6-1 —RERIADLACIY : TRVUAC, BEPUAC, JIPCAC, BEAPCHCIM A KON MAN R
WIADROGE, 1758 SR M R 5 O R DL ALK,

Table 6-1 Wrong match types: mismatching, ill-matching, and over-matching. The wrong

match types are defined by the node type of two nodes that belong to the specific node
correspondence. The header row and header column represent their node types.

| PEREPIAE (MD | RPCREREE (UD | BReE (0)

PLEEP AL (M ‘ mismatching ‘ ill-matching ‘ over-matching
ARILHH S (UD ‘ ill-matching ‘ ill-matching ‘ over-matching
Arr (0) ‘ over-matching ‘ over-matching ‘ over-matching

6.2 XRS5 RIE
6.2.1 PNAFEFR

F1 38 TAHECECSE RE R 2K A, Kt F1 2UE R LA TR IR ERR, HE R
BBGMPYTE ‘Keypoint inclusion” FJIZEH ., F1 HUETHEY:

Precision - Recall TP
Precision + Recall TP + 1(FP +FN)

Hrb TP ZoRE A, FPRRRIAME, PN RN, F1 78U 8T8 R E ZRIFER.

F, =2 (6-1)

HEWIE (Accuracy) TR AHMERRMOVELILEL AP EAR, HARIN DT b E

TR SRR ELA - ]
”X - th||12D

acc=1- s
[1X| %

(6-2)

HA || - || 138 Frobenius 704X,

PLfER®! (Matching Type)  PEECRAYA THAE T U 2RBNRRIRE ST, FA TR A A Y UTEC
FEIPYARPEAY: TERAVCADL (correct matching), TRPEAC (mismatching), #&5PCHC (ill-matching),
JIVCEE (over-matching) o B —FPERIRIEFABIVLED, /S =FFR R =M AFRZEAEIR, &
X (vi,v;) BUPIUPCECR AL i v, v, BOZRBIFR O E, HAT N R FR WR6-1, FEICECHIERE AT
PAFRRAE A X 73 AR VCEL N OBV RE 7T, IS DEECHYE H R X A s RE 1. BATHH S A
VCRCRAY S AT E PRECHY BR], DA AR AR X 01 R 2R A RE

RAAER
o RRPLHLHERITE / F1 4380 (Matching Accuracy of Cluster / Matching F1 Score,
MAC/F1C) ZEMNAILRC & :

k
1 1
MA=1-— X0, X8
F2ieE 2 A X))
1o 1 - =
FIC=1- = F1(X,,, X%
k Z G, 2 2 FIan X))
Jj=1 (Ga,Gp)€C;

b
[9%]
(o)}
p=il
N

/|

W
)]
=
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o R4l (Clustering Purity, CP) 2 C; RIS i MK, C’;‘-”t FRE jIENE
18, kK REREBEME, m REREEEC

| &
= —Z max |C ﬂCgt (6-4)
m z:l

« FEPLFEPRTEEL (Rand Index, RI) % n), F/R[E— LKA HINFREE —BVEEL, ngp R
REZEHFRNFRSA—BE, A:

RI = w (6-5)

n

o BRUEWITE (Clustering Accuracy, CA) JEIT TSR R REEH G2 HERME:

1 1
CA=1-—( —— -GN C'|ICin |
(2 2 el
i G #Cp,
(6-6)
-G, nCHIC, nCE')
3 CZ AN

6.2.2 Igr5 M

AR = HEE A T ZAMI S I ZhmE : S EIICEIRE, 12 & ITEd
WE, ZEILELER KR,

o T EIVLEEBEE EACNEARIRE, RILAEH NS RELZNBIEE ARG IRE
0, BoHBEMFhERM, %L, ArlRe A RILEL NSRBI, T E RE
HUA R —ZE Y E iR 2, BIA1E— R 3R N oK B IS EAT T TR S5,
KD B ZP BR T — B

o TEEN I APLAL 7210 SIFh R HY ) $5RE M A B A2 — IR Mg e 2 VLAl A2 A
—/I\T%—/I\?ﬁ‘ﬁ)\ﬁ’ﬂ'l‘ﬁ‘(ﬂo A, BATHEVIZRII NS (R 535053 & DT L 18 B A R A 15

o TEMNART R, FRATBENLIIE—REHEE 15 5KE, FERMMRE AR, 1t
§7l\ TR VT L2 R 70 B PLEC A ELfl R TRY, EA RIS N RIS R A2 AR AR RY
B EILEC ) =R E

o ZEPLACERR fEROIRE, FRZAHE Y5 AV FIZRHIERIE0, FF 7 2 AR
BILHIAISREEE R, MBS AN E A, AT ABIRERMN T4 . FEINZM
Bt, TATRE —PRIREAR B TR —KE, 5HHh—FrEAR N ARNFZEERTEH AT B,
IXEEEDN & A LA B E R H I E NS, TR, T LRIy mAE, REl
BTN, HTEGEE R R EURE—ER 7 [, ARG RIE I G R KB IR A TAEUE
BUEEE], UPM HABIUEEEE L :

Affinity = X, 0 (S, S;) (6-7)

Hrh o {83 Hadamard 3Ef,

6.3 &3 EILACRI

BATTE JCAE PascalVOC BUESE _EXEIT 1 DA AR VTHC s AN [R5 B BIBRIEEER 70 ]
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Table 6-2 F1 score comparison on Pascal VOC with all unmatched inliers and two random

outliers. All the learning-based methods apply the ResNet50 backbone. The affinity matrix of
the learning-free solver is built with the unary and quadratic cost learned by BBGM. We
either adopt the optimal hyperparameters reported in their paper or adjust them to fit the
partial matching setting.

Methods ‘ aero bike bird boat bottle bus car cat chair cow table dog horse motor person plant sheep sofa train tv avg
IPCA® 326 51.0 327 264 640 452 251 430 260 413 221 395 410 40.1 30.7 57.6 33.0 23.1 37.0 58.1] 3846
NGM'*! 353 574 423 319 685 47.0 307 494 334 483 385 485 467 495 399 708 368 387 450 58.1 | 45.84

BBGM! 362 632 541 360 751 608 209 651 337 612 360 60.1 574 572 39.4 813 535 27.1 513 785 | 5241
BBGM*I+CL | 38.5 649 564 393 774 622 478 655 342 627 443 626 574 56.8 49.0 826 555 253 58.6 79.2| 56.00

GAGM" 267 493 366 251 619 407 9.0 454 225 393 131 410 378 391 279 598 29.1 197 260 549 | 3525
RRWM!™ | 283 546 403 274 706 463 9.0 498 235 428 151 448 381  39.1 303 668 293 181 271 64.0 | 3827
BPFI®7] 258 552 388 260 70.7 457 9.5 494 229 402 144 441 369 400 290 686 286 188 281 63.8|37.83
ZAC' 372 623 508 340 760 559 238 637 332 588 377 594 558 554 391 768 493 290 49.1 689 | 50.81
UPM ‘ 463 672 653 449 805 727 635 719 49.1 735 588 694 636 624 555 864 630 284 685 808 ‘ 63.57

UPM+CL ‘47.3 66.8 648 396 829 746 646 678 503 70.7 637 692 623 63.5 55.0 863 635 481 676 81.4‘64.50

2% 6-3 PascalVOC _EAFAARILECH RRITCA SR F1 08 bbie. PR PLas 30751k
BT DLGM, ¥ ResNet50 fERNRHERREAR. A5 77 MU EREEIE BBGM %
SIEN—Birf AU RE MR, TR, ISP RIS R, B LT
B, DS EIANER S EDLACY) ik S IER S L
Table 6-3 F1 score comparison on Pascal VOC with all unmatched inliers and without any
outlier. All the learning-based methods apply the ResNet50 backbone except DLGM. The
affinity matrix of the learning-free solver is built with the unary and quadratic cost learned
by BBGM. We either adopt the optimal hyperparameters reported in their paper or adjust
them to fit the partial matching setting.

Methods ‘ aero bike bird boat bottle bus car cat chair cow table dog horse motor person plant sheep sofa train tv ‘ avg
IPCA™®! 33.0 565 388 321 801 550 30.8 434 322 448 39.1 405 442 524 34.0 81.0 388 261 557 753 |46.69
NGM!*! 424 693 512 405 870 626 435 579 451 573 534 550 559 625 46.6 925 447 418 66.6 73.6 | 5746

DLGM# | 438 729 585 474 864 712 53.1 669 546 678 649 657 669 708 474 965 614 484 775 839 | 6530
BBGM2¢ 457 754 643 474 882 633 495 702 449 695 548 673 666 718 531 959 67.0 330 805 80.5 | 64.45
BBGM*I+CL | 500 73.0 669 513 889 646 647 717 442 725 518 709 69.5 716 564 958 664 332 779 834 | 66.22

GAGM"! 373 603 477 39.1 750 537 36.1 592 348 562 402 544 519 54.3 39.0 838 488 19.0 583 68.7 | 50.89

RRWM!!! 394 637 521 397 765 579 285 643 379 603 430 579 542 540 433 850 504 220 66.1 699 | 5330
BPF!*") 392 665 512 400 770 59.0 267 638 369 60.6 497 581 543 58.2 43.6 849 507 23.0 664 704 | 54.02
ZAC!®! 435 628 575 439 721 612 336 69.0 383 641 464 662 618 614 46.4 832 581 279 698 726 | 56.99
UPM ‘ 50.5 741 673 461 865 749 756 73.0 3594 730 433 724 676 722 55.2 975 683 450 755 851 ‘ 68.11

UPM+CL ‘48.9 76.5 67.8 485 894 786 556 722 642 726 643 746 69.9 73.5 542 972 652 534 830 81.0‘69.53

* PascalVOC b7 ARVEHEL A S0 2 DN B SEEE,

s PascalVOC A ARICEL A SRR TCA R AT SE 5,
EINERRTEL, BATEHIIZR 10 % UPM, fE&5ed, FRATEEHLIEGE 16000 M EZ 5145, &
MIFIFEFEALEUE 8000 X AT, FATERAAR/NS 30, FHELEE D 1024 4ERIETRHE
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PascalVOC without outlier PascalVOC with 2 outliers PascalVOC with 4 outliers

<

BBGM

7968,
7%

M correct matching mismatching ill-matching M over-matching

6-1 PascalVOC bEAFSR U RILECIRIN 34, FERREE, TANIIA T BBGM il UPM
AR EE, B EREAARRAN I PLRE IR 2 A P I B R B, BATIIC R 7 H
ditte MBI, UPM fEIX 7310 8% A Y (R il
Figure 6-1 Distribution of matching type on PascalVOC with different numbers of outliers.
For representativeness, both state-of-the-art BBGM and the proposed UPM are tested. The

UPM

occurrence number of each matching type over all the categories are summed up. Both the
occurrence number and proportion are reported for each matching type. It shows our

method UPM has superiority on distinguishing node types.

FIFRTRIE L5, F6-2F17R6-3H IR ah AR MR & 19 F1 7344

AIDAE ), UPM TEXMAME O NEL T AT E EMAY 77k, TEEZHREH, UPM EHIR
J& 22 SR BBGM AR TSR R #S ZAC FIFEIKFE @ 11.16% F1 12.76%, HZ2AE L
Fir B BRI A a1 [FAT 7575, ERE NSRS, A s UBEI R B EFN A1 s e A A1
ANEHAERL, FRIM UPM FIHAM S R T BRI T2 RS 2.81%, *E
) F AR 11.12%, 4, UPM 7E ‘table’ (586-3) F ‘sofa’ (F6-2) HHIURIIALE, X
L R T BAESSHI AT, MR, FAT IR Z 2/ N e i s f B RS R
AN

PATIEGE A0 He 22 STRAEU AL 7T 15 4E UPM A1 BBGM _Ei#f T4, HAFfE UPM L, &
MERER AT A X A SRR KA B R R AT, AT BBGM, FATMIFRIE AT b
SRR BONRHEIR IR AT T — 5l gk, llgeR i —4H 4 5KEl, R/ 8 BIIZRTT
1%, ZJ5HF A BBGM EIZRAVRHESE Bas 1T R DCEC @Y S, —F ML REE
F6-2f15R6-3HHH +CL FITHER, X T UPM, X LS r=4 T4 19 IR, X
T BBGM, XS] =AT 1-3% BIRESRARF, AT A2 HH A2 T Fp ] B A0 A B b2 S
AMYAT DS BIER T UPM URHIESRBNAS, S ZREBE N —RTiZR 751k, HAMBIEE S
R, R, XMW TESAERNESIFIESIER, Wb, HAEfR
RGN,

Elo-1 I T 1 R ARG EPMERI R LR, FATITE 0/2/4 DMRRIZ = T T =
HI, IR T BBGM Al UPM HYENILELR AR R A PCEL A 5 BT BRG] (RARETY I
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Kl 6-2 WillowObject EAFEE T EPLAC 5 R F1 2080, K. A%, EME R H
TR UPM XFRVCECN B PR, AR R TR UPM X FAh &k,

Figure 6-2 F1 score, precision and recall on Willow-Object with different extensions of partial
matching cases. The figures on the left show the robustness of our method against unmatched

inliers, while the figures on the right show the robustness of our method against outliers.

Fo-1), AU, TERENEMNEN R, UPM WIEMICERIES T 6%, 5 BBGM [ ZHHAE
BRI R TEKR, ERE 4 MM AENR FIEZ] T 24%, FE, FRATAVEIRITEZEM 0
F 4 DANEHIE I TR —5 2T, UPM TEACERS s I B AR B,
BATEAERE TR A B A 1 50 5 BHIX — R

FAHE WillowObject JIX—%HEEE_EXF UPM £ X ARVCACL A s AT 7 R0

* WillowObject EFR$F 2 ML, FEHLEER 0 ~ 6 1AL,

* WillowObject FEREFERR 5 NAA, FEHLIEHT 0 ~ 10 DR
AT AN T 2 801125, ES—FCRENIREE 400 5KE TR, 100 kEH TR, B
R R E RN E AL 20 F1 25, CREFRHIEAEE N 1024, FRAR TRAER H (RIS,

E6-2f7~, UPM it BBGM, JUHZTEARmMNIRESE ., ZEEN N AR AT, UPM
£ F1 LiEid BBGM IAZ] 5% F| 10%, 1EXAF TA M, UPM it BBGM ik 3% %)
15%, FH, M7 s8E 4%, UPM RIRIEGE K, [N, FATERA, F£MNEE L, UPM
BERKWMSE, EFEBNT, RIMWABEZES BBGM MR, X8 7 BA1ES. 5+H42
B AFRATTHY ] T3 H ER ST B TIIES SR o

6.4 UPM HZEMRZES S
BATE T T IR — SRR G AR HEHA UPM 77 B,
I E L 5 = AR . AR, RS URETNR,

6.4.1 HIEIE LY

N T UESEBAHES 2. 2 F 2R A H] S5 Bk,  FATIHE WillowObject _EHEAT 77—
S0 KON BT RFERI BT R R RN B A A T Rl L, SR E 6-3,

EMNFATZ AR RN, B THRAER IR ERIANED, O UPM-20 (20 (R EIFRAY
RN ), TEET N RAPREERKR, 9 UPM-90, FRATHARIE RS 7> B DEECAE ) 2R
UPM-20, HZEIILEREMNIIZRZ]IZE UPM-90, P MERIEAER 2 M EATIRE
7, I HIEZEMA S, UPM-20 1 UPM-90 #(7E F1 708 LEUS T i1 85 R4,
OB, AR RIEABAE L MSEIIZR, FATER 637 HtIE R < ItiCes
RO A KRR I 2 R BRI G54 70 A
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[l 6-3 WillowObject L4714 2 SRl il I PCECHHBUE 34 . BRATIERE NP REH LR
200 FKEDFHFE AR RS R E R RRIVLEOC R, X AR TR R fa) FE A
T REPRIE, HORMN 20 f1 90, Y BARERA R AR LS BIP SRIREL
BRI, F RSP, vl DAL SO0 BRI B 2 1 B rp B kiR, hi Tep
Ml LA R S BB RTOR, BANE T LR b PR 1 5 S5 .
Figure 6-3 Universe node matching likelihood distribution on WillowObject with two
outliers. We randomly sample 200 graphs for each category and count the correspondence
between input graphs and two types of universe graphs. The X-axis denotes the nodes in the
feature-merged graph and node-merged universe graph, whose size is 20 and 90 respectively.
The Y-axis denotes the nodes of different semantic meaning in all the categories, where inlier
and outlier are divided by dotted lines. Darker color represents more appearances for the
node correspondence pair. Since all the universe nodes are permutation invariant, we adjust

the order of columns for better visualization.

B, ETHRAER R EESH R B ARZEHIR T RRHESHIEER, DUER AR+
AN A5 s PL L2 ] — S FP R i b, T T A PP R IS5 A SRR 1 =L X7,
XSS T BATH AT E SRR (E5-3). tAh, B THRAER IR BRI o
WSCRF T AR T AN OL BB A TN SRR R R RO T BB L, Sh R = VEECE] PRI |
AR e X T 2T SRR, AIEAMNE R EIESS 61-90 MR R, XEZZER
NHRRIE R/ N ARAE MY, RIS R BIBSNCECE R 125,

6.42 HIRIEFHUE 5 — EIHEEUE

IEANFATE 25671 2189, @ A EAECUE (Universe Affinity, UA) #43i& —[&4H
U (Pairwise Affinity, PA) FUFEFHASZAEGEME, RILBATEL LK K L H RIE
FEACUEE A B — A AR G 0 — AU Z R R &, T AT A R R,
G, Gp Z IBIHIAE L FERE K A3 R
K" =8, k)

ni,Nk

Ku =Sab(i, k) 'Sab(j’l)
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e Affinity and Pairwise Affinity on PascalVOC
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Il 64 PascalvOC _L-rp I EAHBURE A BN bE,  rP I ERIRUE K i UPM 23] 2]

) S el e-8iEmi i, —FEIHHPIE M BBGM {#H ResNet50 fRIU3G #1195, UA’

FoRMER R ECUE K BIAE2 SRR, -PA’ Fonfi i BRI R AEA S R figds.
EEIN F1 530 8AE G — 5o,

Figure 6-4 Comparison of F1 score for universe affinity and pairwise affinity on PascalVOC.
The average F1 score is reported at last. Universe affinity matrix K“ is built with S learned
by UPM as shown in Eq. 6-8. Pairwise affinity matrix is learned by BBGM with Resnet50
backbone. Methods with ¢-UA’ denotes the learning-free solver with universe affinity K“, and

‘-PA’ denotes for pairwise affinity matrix.
Hp S, HIATS-6HRTHRERE S,, S, #iEmiak, HHZRE XK, FHNEZ2ER
B N2 EAEIL T, K QAP AIBISEMN T S, ERILMEFRIR AL,

arg max vec(X) "K"vec(X)

= arg max Z Z Sap (i, k) - Sap(j, 1)

Xir=1 X;1=1

2
=arg;naX( Z Sab(i,j))

X, =1

(6-9)

= arg max Z Sup (i, J)
X xg=

BATPEH R EMELCUE K 5H BBGM JEIT ResNet50 YIRS 21 — EMHELUE K #17EE
5, AT DAETR I 2002 AN B S SR iR 88 GAGM, RRWM, BPF, ZAC ', B 17E1E Pascal VOC
b ARIERTER 7 B DCECIIRTRAR, BENLIE AN I SO BN EBRAR VBN o PRI A &
MR ERE R E 647,

SR ERTOL, PTE A K 77 EER LR R g — R R K BT TE R I . N T &ty
SR ARER ZAC (TR ZAC B L TN AMR AU, HaEHEPUETR ML T 2% FIRIMEE
T, MHEHXT GAGM #1 RRWM H2F B NBHE. (17% F1 14%) ., RN FrA 875 5 E M
EAECUE BB e 2 e 15 2RI PCECSE 3R, GAGM. RRWM, ZAC 152IR945 58 L4
[, IXAIREZ R NET S B A EAECUE B B E T IUMECUERE R, MK T &
PEfRAIREE

6.4.3 AL

PATEAERR 7> EIVEECHY I E BN UPM B2 (et IX BRI MEER 2 S A Zx
INGEARE (B0, ARIBVINSEE sE A RIRRICEEAN REE) |, JIZRRRRRIZ,
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2inlier [ 21.7 | 21.1 | 19.6 | 20.4 | 19.2 | 18.2 | 18.4 | 21.7 | 145
3inier | 34.4 | 34.6 | 33.6 329 | 32.7 341 293 285 216
ainlier | 52.4 | 49.5 | 47.9 | 465 455 414 383 364 -ri

sinlier | 60.4 583 57.6 53.9 519 457
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utlier 3 7 ¢ sinlier 4
Evaluation Evaluation

#l 6-5 UPM { PascalvVOC il WillowObject [ F-4h i fIR PLRE M sz AL PEIA, B8

16 Y A brr e 8 EEITIISR, 16 X AABbR e B BT, BAICHR VAR F1 53

B ErpB s F1 o808 T HESIN BRI Tk, SEIRIEEAR R — WA
e BRI, TR RN SRR TZ IR R ) i,

Figure 65 Generalization study on outliers and unmatched inliers shown as confusion matrix
of our proposed UPM on Pascal VOC and Willow Object. Models are trained on the setting
of the y-axis and tested on the setting of the x-axis. F1 scores are reported in the entries of
confusion matrices. The color map is determined by the F1 score value in the cell normalized
by the highest value in its column. Darker color denotes relatively better performance in the
same testing setting. The darker the row is, the better the generalization ability of the model.
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1) F1 3 EEEl6-5H 2T, RIGHIBIEZ B Y R1A TS FTEY I S B — (L E e, &
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AL, BN REEIERISM A, UPM R T38RIz M, B /DA IR H SR B AR Y
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HIRE N ZRIRRE, RS FBAIRENLERR 10 MR 8 N, 15 2RI GEHRIRER
EBMEIVCECR, R FESE] BT 2R 145 SRR 22,
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2 64 ATRERPRIE (B ABETYRERRIE (F) RESSEUSIEMA, LT

fIERIP R AE ] — 2 AT NSRRI, ZEF9 b il AR PN SR A — 95

P AR HARIZRRE, XEHE AR EEVLACBRE ., UPM-24 il UPM-244 22
FIRIRSIIR N BATELRAILIR F1 7058

Table 6-4 Hyper-parameter sensitivity exploration for feature-merged (top) and

node-merged (bottom) universe graph respectively. Feature-merged universe graph based
UPM are trained and evaluated on pairs with the same category, while node-merged universe
graph based UPM are trained and evaluated on pairs where half of them are of different
categories. The ground truth matching between different categories is set to zero matrix.
UPM-24 and UPM-244 show the performance of our method with the exactly universe size

(inliers and an absorbing node) under feature-merged and the node-merged universe.

PascalVOC ‘ aero bike bird boat bottle bus car cat chair cow table dog horse motor person plant sheep sofa train tv avg

UPM-15 442 657 635 428 803 694 433 581 501 600 480 57.7 571 61.7 28.6 86.7 555 373 644 781 | 57.63
UPM-20 460 666 626 387 823 718 500 70.1 547 693 423 692 669 61.8 44.5 867 612 456 688 774 | 61.83
UPM-24 471 647 639 436 789 706 671 685 51.7 679 357 693 635 59.1 54.7 864 62.6 364 653 788 | 61.78
UPM-25 46.6 658 647 398 80.6 700 527 693 540 695 559 69.0 639 62.0 513 859 592 481 66.6 804 | 6275
UPM-30 463 672 653 449 805 727 635 719 491 735 588 694 63.6 62.4 555 864 630 284 685 80.8 | 63.59
UPM-35 46.1 66.6 643 384 800 711 50 706 504 69.7 314 688 63.1 63.7 52.0 870 622 404 669 783 | 61.04

UPM-200 | 434 633 568 404 787 644 475 649 491 642 426 663 564 58.9 36.9 78.5 582 369 554 703 | 56.65
UPM-244 | 434 571 548 359 783 69.1 53 66.1 423 621 402 659 56.6 56.5 34.3 843 610 409 640 773 | 57.14
UPM-300 | 476 66.7 61.6 46.1 806 69.5 592 672 559 704 312 701 640 633 533 819 610 396 60.1 749 | 61.2
UPM-400 | 47.7 658 599 418 793 700 570 659 495 675 471 681 655 63.4 45.2 795 603 443 615 717 | 60.55
UPM-500 | 454 625 555 434 808 674 51.7 63.0 519 616 370 655 60.8 58.7 29.2 771 559 386 587 7274 | 569
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Input Graph Number Input Graph Number Input Graph Number

Bl 6-6 {EZ&iRoTEIDLACH) F1 738, DUBCHERR MBS MITHS LR, FRATE PascalVOC i
A 0/2/4/8 A RHIBEE Tl UPM #l BBGM ISR,
Figure 66 F1 score, accuracy and time cost on online partial matching. We compare UPM
with BBGM on PascalVOC with 0/2/4/8 outliers.

% 6-5 PascalVOC L2 EVLACEERINIALTR, AR B P R PLACN 5O FRENLES N 2 451
RAPEIA, & ERSARIEE 3 x 8 FonBEPUIRE 3 M REANLREUE 8 SRR, AL
i F1C Rt HAHEE T MAC $5b5 S 3&E T3R50 DL AL 5
Table 6-5 Mixture graph matching and clustering on Pascal VOC with inference time
overhead in seconds. All the unmatched inliers are reserved and two outliers are randomly
added for each image.‘3x8’ denotes that we randomly pick three categories in Pascal VOC
and for each category, we randomly sample 8 graphs to build the evaluation instance. Instead

of MAC, we report the F1C score, which is more suitable for partial matching.

PascalVOC cluster # X cluster size: 3x8 cluster # X cluster size: 4x6 cluster # X cluster size: 6x4

FIC] CP] RIl CAl time| | FIC] CP! RI CAl time||FICT CP] RI] CAl time|

BBGM*! | 5268 8389 8551 81.75 236 | 5237 84.24 8646 82.06 236 | 5325 80.70 89.42 79.08 3.48
UPM-30 50.16 81.15 81.59 77.01 0.32 | 4733 78.02 83.72 7274 0.33 | 48.69 71.62 8486 6790 0.43
UPM-300 | 64.79 89.69 89.94 87.09 034 | 63.78 87.67 9091 84.62 033 | 64.12 8033 9045 77.00 043

6.5.1 T1ELZEULE

FAIFEAIZEEY PascalVOC HY 15 sK[RI—2RY &, Hu& sk ERENLIN L 0/2/4/8 DM, A
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HIATA Bl ——HATULAL, AT UPM, FBATEEHRIVE SR E# T, @+
R H SRV E S 2 AR E R B ITREER: X = XWX ,o ATDVEH, R, &5k
(I E#R U 5 H IR R PSR — iR, HI RS A BATTIRAL T REE & 80 E s 201
Fl1 728 EWRE. IR, FrERIE 4R 2ITEE 6-67,

F B 75 1A F1 3 8O SR ROk — sk B 2 [ B A REEAZE, FIN, UPM HIB1T
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FEHEL XA T AT A A B PTECAHTLHIE AN K g AL

6.5.2 ZEILALERAE

TEZ B VLA R R, FRATJLE PascalVOC 1 WillowObject b3 A TIMNR, A2
STRBUHERAE PascalVOC F1 WillowObject EHFATUIZRAINNR, H—FrYIIZREdE AR
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#|, 5 DPMC 1 GA-MGMC IR AR AE DTAL,
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7% 6-6 WillowObject |- FIPLACR I FEIMIASTR . FAVEREAGTEY PRIk E, £~
WIEAMOIbRRARBRN A, FREHLER 8 5KIT4. 8 KIS+, 8 IKEEFEEM A MIIAZE.
Table 6—6 Mixture graph matching and clustering on WillowObject with inference time
overhead in seconds. We follow!?!! by randomly picking 8 cars, 8 ducks and 8 motorbike

without outliers and unmatched inliers.

Willow CPT RIT CAT MACT time|
RRWMI 879 87.1 815 74.8 0.4
CAO-cl19 90.8 903 86.0 87.8 3.3
DPMC2! 93.1 923 890 87.2 1.2

GA-MGMC(CP! 92.1 905 893 65.3 10.6
GANN-MGMCPU | 976 970 96.3 89.6 52

UPM-90 ‘98.92 98.59 98.18 9424 0.52

FATE R UPM 5 WillowObject FHYAEYESIRBSRIFATILES, KIRTE 8 TKIA%E, 83K
BS7 8 SKEEFEAEMII R N7, FRNFK-6FTR, Al UPM 7EFTE MRS IR LI ZRILLY
ARSI Ak, I HEESORERS R 2x ~ 20%, FINEE BIFHIERE, 5 RRWM HHLEL,
ERERIRERCAR TS, BATEMNE NICECR KNI L RBIE & 78 10%,

SR, JLPFATE VLSS J7154E WillowObject _IZRITERTRLF, [K°H WillowObject &
— DR NIEAESE, 7E Pascal VOC b, HT1EEIER. 837, HsE NE 0k, i)
¥ UPM-30 GETFHRHAERIRIED 1 UPM-300 GETF75SA9HiRIE) 5 BBGM ML, TE
DRI R A, FRATDA AR B TR, HAZHE N x N, TR, HP N, FREEREH, N,
REGDMEFEFHHE,

WNFR6-5A7, UPM-300 1E5RHIVCEDL_E 1RV AR /5%, 1F 3% 8,4 %6 117
&+, UPM-300 7£ CP, RI, CA iX—="M&tr LIx%| 3-6% 2T, [FIFUCECES R F1C FiE
WA TEEES, MER AL, CA. RIF CP EREIEMVEE LA/, HE
UPM-300 7£ F1 7380 R 2 AFE AT, 5—77H, UPM-30 ANGEARET N AT 2 [ LA
REMT R, FOVETRAER R E S F T E E Y SRR — i, SOCiEE4Es
RAIVCHL, XS4 T AT T =T RHERT A (A B R0 7 s A RAIE B e R B SE A8,
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REFZENA T RANESF SR UPM ESM LI 5 FRUSSIRSE R, el TEJent
UPM TEZ BLAYER 7> B DERC 7 5 REATINR,  3R1E T UPM FE&R 7 EI DL AR S L 75 IR RE.
ARG B R B AYSER, X UPM A DNMEAEEAT 7o, BHEEX A ISR 7>
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Figure 6-7 Visualization of matching results on 20 PascalVOC Keypoint categories. The

legend follows Fig. 5-1. Blue, orange, and red nodes denote matched inlier, unmatched inlier,
and outlier. Blue lines represent correct and three types of red lines represent mismatching,
ill-matching, and over-matching respectively. UPM, BBGM, and ZAC are eval at the same

matching pair, where F1 score and accuracy are reported at the bottom.

Pl 6-8 PascalvOC I UPM 1EARIRIPE ERnTi(E, FHI5SEs-10/+F—2: 5, B, &0
BRI R HIZORILAC R, RICACN A, Fhrl. IRERFORIEMIPLAL, =Rl =miii
PLL, FRAVEBE UPM XHiiEss, B, KRIMEIEEN
Figure 6-8 Visualization of UPM matching results on 20 Pascal VOC Keypoint categories.
The legend follows Fig. 5—1. Blue, orange, and red nodes denote matched inlier, unmatched
inlier, and outlier. Blue lines represent correct and three types of red lines represent
mismatching, ill-matching, and over-matching respectively. We show the success of UPM

against rotation, occlusion, and massive outliers.

&
E
~
p=il
N

/

W
W
=



*g SHANGHAI JIAO TONG UNIVERSITY E IEEE{EJ%EE{J*}'L%E? g *ﬁgﬁii

EXRE

A EEMR TR Z AP E VLR R RINLER - ST R, FA 2 B DLECSR S R, AR S
T/ ME-B R SR M3C, PRI I VLR 5 SR 2K A, M3C 4G TR H AR
JERSAEIR, TR T AR, HREHIE ERSHERIE, RN, AT M3C ik
AN B2 SIHEZR, R AR E2E SISAR UMBC, FRR T TR LR 22 ST R DA 5%
PERNG, SRIREERRA, RS HE IR M3C IREIMIELE R KFERF DPMC2O —BE R IFHY
K, ARIRE S SR UM3C KR LA GANNPRY | E EAE WillowObject FHEE
B ST NGMv22IHT BBGMPZO,  [AIIN FA TiR@ i A st g, IS MmN, iz ek,
EBSEEURMEMNACR AL TS M3C F1 UM3C &M BB SIS 1, IESL 731
HIBEIETEIR S S TP IS FH RE T o

AsH, AR A EX — WS R G I ANLER 2 ST EICELEE A, BA T T [ PLRC A
AR AR AU E S, R AR HH A A (R R o0 = s A TR A X 2 AR, 42 T
FF R A ER 7> B DT ST BIE UPM, &2 ta T4 H R EZ5M%1, UPM A] DAE NPT
BeHR T ARSI G — A N R A DLEC T O THR S BRI IX 55 7EER 3 EIDLECH, UPM
EFTE LS NEBUS 7RG, ERIEL A R SIEBIFIIEY: S KR ARERIA 3 - 10%,
IRERRT 8xo BT H A EIALAHE AN b ST EEREE N S RIEIE R LI 77 1%, F58
F G 7 SIEAS R RIE . FRATEHE— I8 IR T UPM X AN[E £ H AR DTHE A
FOAN BRI, BRUE TR AR R EAE SRS AR, TERA 1 A (] A S AR (B e — AR AL
FERIMERE, DASABERLLTS T2 (LR RERN S A A,

WHETCFT S, BAOTTIEMRAREA —ENRRME AR HE R 2 E UCECSR S R AL
TRSFEIRIRR B AN, BA IR BRI — PRt ES =\, DnREIue= A, E
HIAE BB ST IR R 2 BNE AR GG M U I 52, HAE B PRARPERY PascalVOC _LFYER
PIANGEFEAE, TR EN T ERRAFERERERIEN S, MXEEIENIRERFREE K
HIRA, UPM BRIEUS TIREHIICELREE, BEEGRZE KR EIEAZME, ULEJLA, F&
A BB REEVE N AR EI LD RN 857 > SR AR AL BT 77 Al 0Tt S B (RIIIZR%EK
BT RN > B LA R T,

MlasE SIBRNETE M/ D AR, D IRE . S& BT e, milA E VTR RS L4
SIFFEAEIX LT AR RS [ B AR SCIEE X B CEL R AR IX T LN IR R, 4 TH
TBE EARR TR RIEF A ONARSEE R, BT IR CUEYS, R EWA R LEY
>, MR SIE TR, B TR EIXLE TAEERRENS A K & DUEC [ R AT LA 2 ST Sk g 75 iR TR A4
WM AR, HAE MHES TS EIE 2RI A,



> 2 A K
YiEXAAE
SHANGHALI JIAO TONG UNIVERSITY E EEEEEJEEE{J*&%&? g *ﬁgﬁiﬁ

[1]

(2]

(3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

ZE 3R

SHEN D, DAVATZIKOS C. HAMMER: hierarchical attribute matching mechanism for elastic
registration[J]. IEEE transactions on medical imaging, 2002, 21(11): 1421-1439.

DUAN K, PARIKH D, CRANDALL D, et al. Discovering localized attributes for fine-grained
recognition[C]/ /2012 IEEE Conference on Computer Vision and Pattern Recognition. [S.1.
:s.n.], 2012:3474-3481.

DEMIRCIM F, SHOKOUFANDEH A, KESELMAN Y, et al. Object recognition as many-to-
many feature matching[J]. International Journal of Computer Vision, 2006, 69(2): 203-222.
BERG A C, BERG T L, MALIK J. Shape matching and object recognition using low distor-
tion correspondences[C]/ /2005 IEEE computer society conference on computer vision and
pattern recognition (CVPR’05): vol. 1. [S.1. : s.n.], 2005: 26-33.

PETTERSON J, YU J, MCAULEY ] J, et al. Exponential family graph matching and rank-
ing[C]/ / Advances in Neural Information Processing Systems. [S.1. : s.n.], 2009: 1455-1463.
NAM H, HAN B. Learning multi-domain convolutional neural networks for visual track-
ing[C]/ /Proceedings of the IEEE conference on computer vision and pattern recognition.
[S.1. : s.n.], 2016: 4293-4302.

IQBAL U, MILAN A, GALL J. Posetrack: Joint multi-person pose estimation and tracking[C]
/ /Proceedings of the IEEE Conference on Computer Vision and Pattern Recognition. [S.1. :
s.n.], 2017:2011-2020.

SIMON I, SNAVELY N, SEITZ S M. Scene summarization for online image collections[C]
/ /2007 IEEE 11th International Conference on Computer Vision. [S.1. : s.n.], 2007: 1-8.
GOLD S, RANGARAJAN A. A Graduated Assignment Algorithm for Graph Matching|[J].
IEEE Trans. Pattern Anal. Mach. Intell., 1996, 18:377-388.

CHO M, LEE J, LEE K M. Reweighted random walks for graph matching[C]/ /European
conference on Computer vision. [S.L. : s.n.], 2010: 492-505.

LEE J, CHO M, LEE K M. Hyper-graph matching via reweighted random walks[C]/ /CVPR
2011. [S.1. : s.n.], 2011: 1633-1640.

LOIOLA E M, de ABREU N M M, BOAVENTURA-NETTO P O, et al. A survey for the
quadratic assignment problem[J]. EJOR, 2007: 657-90.

LAWLER E L. The Quadratic Assignment Problem[J]. Management Science, 1963, 9: 586-
599.

CHEN Y, GUIBAS L, HUANG Q. Near-Optimal Joint Object Matching via Convex Relax-
ation[C]/ /XING E P, JEBARA T. Proceedings of Machine Learning Research: Proceedings
of the 31st International Conference on Machine Learning: vol. 32: 2. Bejing, China: PMLR,
2014:100-108.

YAN J, WANG J, ZHA H, et al. Consistency-driven alternating optimization for multigraph
matching: A unified approach[J]. TIP, 2015, 24(3): 994-1009.

H
N
=}
p=i
\|

/

W
9,
p=i



> 2 A K
YiEXAAE
SHANGHAI JIAO TONG UNIVERSITY E EEEEEJEEE{J*}'L%S? g *ﬁgﬁiﬁ

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

(28]

[29]

(30]

[31]

YAN J, CHO M, ZHA H, et al. Multi-graph matching via affinity optimization with graduated
consistency regularization[J]. IEEE transactions on pattern analysis and machine intelligence,
2015, 38(6): 1228-1242.

HUANG Q X, GUIBAS L. Consistent shape maps via semidefinite programming[C]//
Computer Graphics Forum: vol. 32: 5. [S.1. : s.n.], 2013: 177-186.

ZHOU X, ZHU M, DANIILIDIS K. Multi-image matching via fast alternating minimiza-
tion[C]/ /Proceedings of the IEEE International Conference on Computer Vision. [S.1. : s.n.],
2015:4032-4040.

JIANG Z, WANG T, YAN J. Unifying Offline and Online Multi-graph Matching via Finding
Shortest Paths on Supergraph[J]. TPAMI, 2021, 43(10): 3648-3663.

WANG T, JIANG Z, YAN J. Clustering-aware Multiple Graph Matching via Decayed Pair-
wise Matching Composition[J]. AAAI, 2020.

WANG R, YAN J, YANG X. Graduated Assignment for Joint Multi-Graph Matching and
Clustering with Application to Unsupervised Graph Matching Network Learning.[C]//
NeurIPS. [S.L. : s.n.], 2020.

ZANFIR A, SMINCHISESCU C. Deep learning of graph matching[C]/ /Proceedings of the
IEEE conference on computer vision and pattern recognition. [S.1. : s.n.], 2018: 2684-2693.
WANG R, YAN J, YANG X. Learning combinatorial embedding networks for deep graph
matching[C]/ /Proceedings of the IEEE/CVF International Conference on Computer Vision.
[S.1. : s.n.], 2019: 3056-3065.

WANG T, LIU H, LI Y, et al. Learning Combinatorial Solver for Graph Matching[C]/ /
CVPR. [S.L. : s.n.], 2020: 7568-7577.

WANG R, YAN J, YANG X. Neural graph matching network: Learning lawler’ s quadratic as-
signment problem with extension to hypergraph and multiple-graph matching[J]. IEEE Trans-
actions on Pattern Analysis and Machine Intelligence, 2021.

ROLINEK M, SWOBODA P, ZIETLOW D, et al. Deep graph matching via blackbox dif-
ferentiation of combinatorial solvers[C]/ /European Conference on Computer Vision. [S.1. :
s.n.], 2020: 407-424.

YU T, WANG R, YAN J, et al. Deep Latent Graph Matching[C]/ / International Conference
on Machine Learning. [S.1. : s.n.], 2021: 12187-12197.

DYM N, MARON H, LIPMAN Y. DS++ a flexible, scalable and provably tight relaxation for
matching problems[J]. ACM Transactions on Graphics (TOG), 2017, 36(6): 1-14.
BERNARD F, THEOBALT C, MOELLER M. Ds*: Tighter lifting-free convex relaxations for
quadratic matching problems[C]/ /Proceedings of the IEEE conference on computer vision
and pattern recognition. [S.L : s.n.], 2018:4310-4319.

SWOBODA P, ROTHER C, ABU ALHAIJA H, et al. A study of lagrangean decomposi-
tions and dual ascent solvers for graph matching[C]/ /Proceedings of the IEEE conference
on computer vision and pattern recognition. [S.L. : s.n.], 2017: 1607-1616.

WANG Q, ZHOU X, DANIILIDIS K. Multi-image semantic matching by mining consistent
features[C]/ /Proceedings of the IEEE conference on computer vision and pattern recogni-
tion. [S.1. : s.n.], 2018: 685-694.

b
W
o
p=il
N

/|

W
)]
=



> 2 A K
YiEXAAE
SHANGHAI JIAO TONG UNIVERSITY E EEEEEJEEE{J*}'L%S? g *ﬁgﬁiﬁ

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

(48]

PACHAURI D, KONDOR R, SINGH V. Solving the multi-way matching problem by permu-
tation synchronization[C]/ / Advances in neural information processing systems. [S.1. : s.n.],
2013: 1860-1868.

YUT, YANJ, LIU W, et al. Incremental multi-graph matching via diversity and randomness
based graph clustering[C]/ /Proceedings of the European Conference on Computer Vision
(ECCV). [S.L : s.n.], 2018: 139-154.

YAN J, YIN X C, LIN W, et al. A Short Survey of Recent Advances in Graph Matching[C]
//ICMR. [S.1. : s.n.], 2016.

YAN J, YANG S, HANCOCK E. Learning Graph Matching and Related Combinatorial Op-
timization Problems[C]/ /IJCAL [S.I. : s.n.], 2020.

KRAHN M, BERNARD F, GOLYANIK V. Convex Joint Graph Matching and Clustering
via Semidefinite Relaxations[C]/ /2021 International Conference on 3D Vision (3DV). [S.1.
:s.n.], 2021: 1216-1226.

NG A Y, JORDAN M I, WEISS Y. On spectral clustering: Analysis and an algorithm[C]/ /
Advances in neural information processing systems. [S.1. : s.n.], 2002: 849-856.
HARTMANIS J. Computers and intractability: a guide to the theory of np-completeness
(michael r. garey and david s. johnson)[J]. Siam Review, 1982, 24(1): 90.

POLJAK S, RENDL F. Solving the max-cut problem using eigenvalues[J]. Discrete Applied
Mathematics, 1995, 62(1-3): 249-278.

TREVISAN L. Max cut and the smallest eigenvalue[J]. STAM Journal on Computing, 2012,
41(6): 1769-1786.

GOEMANS M X, WILLIAMSON D P. Improved approximation algorithms for maximum cut
and satisfiability problems using semidefinite programming[J]. Journal of the ACM (JACM),
1995, 42(6): 1115-1145.

KAPPES J H, SWOBODA P, SAVCHYNSKYY B, et al. Multicuts and perturb & map for
probabilistic graph clustering[J]. Journal of Mathematical Imaging and Vision, 2016, 56(2):
221-237.

SWOBODA P, ANDRES B. A message passing algorithm for the minimum cost multicut
problem[C]/ /Proceedings of the IEEE Conference on Computer Vision and Pattern Recog-
nition. [S.1. : s.n.], 2017: 1617-1626.

WANG R, YAN J, YANG X. Combinatorial Learning of Robust Deep Graph Matching: an
Embedding based Approach[J]. IEEE TPAMI, 2020.

ZHANG Z, LEE W S. Deep Graphical Feature Learning for the Feature Matching Problem[C]
/ /ICCV.[S.1. : s.n.], 2019: 5087-5096.

YU T, WANG R, YAN J, et al. Learning deep graph matching with channel-independent
embedding and Hungarian attention[C]/ /Int. Conf. Learn. Represent. [S.1. : s.n.], 2020.
FEY M, ERIC LENSSEN J, WEICHERT F, et al. Splinecnn: Fast geometric deep learning
with continuous b-spline kernels[C]/ /Proceedings of the IEEE Conference on Computer
Vision and Pattern Recognition. [S.I. : s.n.], 2018: 869-877.

POGANCIC M V, PAULUS A, MUSIL V, et al. Differentiation of blackbox combinatorial

solvers[C]/ /International Conference on Learning Representations. [S.1. : s.n.], 2019.

#
w
—
p=i
N

7

o
)
p=i



> 2 A K
YiEXAAE
SHANGHAI JIAO TONG UNIVERSITY E EEEEEJEEE{J*}'L%S? g *ﬁgﬁiﬁ

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

YING Z, WANG A, YOU J, et al. Neural subgraph matching[J]. ArXiv preprint
arXiv:2007.03092, 2020.

BAL'Y,XUD, SUNY, etal. GLSearch: Maximum Common Subgraph Detection via Learning
to Search[C]/ /International Conference on Machine Learning. [S.1. : s.n.], 2021: 588-598.
DELAUNAY B, et al. Sur la sphere vide[J]. Izv. Akad. Nauk SSSR, Otdelenie Matematich-
eskii i Estestvennyka Nauk, 1934, 7(793-800): 1-2.

SIMONYAN K, ZISSERMAN A. Very deep convolutional networks for large-scale image
recognition[C]/ /ICLR. [S.L. : s.n.], 2014.

KOOPMANS T C, BECKMANN M. Assignment problems and the location of economic
activities[J]. Econometrica, 1957: 53-76.

KRIZHEVSKY A, SUTSKEVER I, HINTON G E. Imagenet classification with deep con-
volutional neural networks[J]. Advances in neural information processing systems, 2012, 25:
1097-1105.

ZHOU F, TORRE F. Factorized Graph Matching[J]. IEEE PAMI, 2016.

CHO M, ALAHARI K, PONCE J. Learning Graphs to Match[C]/ /ICCV. [S.1. : s.n.], 2013.
GRIFFIN G, HOLUB A, PERONA P. Caltech-256 Object Category Dataset[R]. [S.1.]: Cali-
fornia Institute of Technology, 2007.

EVERINGHAM M, VAN GOOL L, WILLIAMS C K, et al. The PASCAL visual object
classes challenge 2007 (VOC2007) results[J]., 2007.

MANNING C D, SCHUTZE H, RAGHAVAN P. Introduction to information retrieval[M].
[S.L]: Cambridge University Press, 2008.

RAND W M. Objective criteria for the evaluation of clustering methods[J]. Journal of the
American Statistical association, 1971, 66(336): 846-850.

HE K, ZHANG X, REN 8§, et al. Deep residual learning for image recognition[C]//
Proceedings of the IEEE conference on computer vision and pattern recognition. [S.I. : s.n.],
2016: 770-778.

KUHN H W. The Hungarian method for the assignment problem[C]/ /Export. Naval Re-
search Logistics Quarterly. [S.1. : s.n.], 1955: 83-97.

CHEN T, KORNBLITH S, NOROUZI M, et al. A Simple Framework for Contrastive Learn-
ing of Visual Representations[J]. ArXiv preprint arXiv:2002.05709, 2020.

XIE Z,LIN Y, ZHANG Z, et al. Propagate Yourself: Exploring Pixel-Level Consistency for
Unsupervised Visual Representation Learning[Z]. 2021. arXiv: 2011.10043 [cs.CV].
EVERINGHAM M, GOOL L, WILLIAMS C K, et al. The Pascal Visual Object Classes
(VOC) Challenge[J]. IJCV, 2010, 88(2): 303-338.

BOURDEV L D, MALIK J. Poselets: Body part detectors trained using 3D human pose anno-
tations[J]. 2009 IEEE 12th International Conference on Computer Vision, 2009: 1365-1372.
WANG T, LING H, LANG C, et al. Graph matching with adaptive and branching path fol-
lowing[J]. IEEE Trans. Pattern Anal. Mach. Intell., 2017.

WANG F, XUE N, YU J G, et al. Zero-assignment constraint for graph matching with out-
liers[C]/ /Proceedings of the IEEE/CVF conference on computer vision and pattern recog-
nition. [S.1. : s.n.], 2020: 3033-3042.

b
W
[\S)
p=il
N

/|

W
)]
=


https://arxiv.org/abs/2011.10043

> 2 A K
YiEXAAE
SHANGHAI JIAO TONG UNIVERSITY E IEEE{EJ%EE{J*}'L%E? g *ﬁgﬁii

[69] CHEN L, LIN G, WANG S, et al. Graph Edit Distance Reward: Learning to Edit Scene
Graph[J]. European Conference on Computer Vision, 2020.

b
W
(95}
p=il
N

/

W
)]
=



*g SHANGHAI JIAO TONG UNIVERSITY E IEEE{EJ%EE{J*}'L%E? g *ﬁgﬁii

]

& HARE, NG, KEDE, RIREERER ., ROvZE, RITCEFHF I E CrAR
TER, HEEEEAFE NS, LA T

I ACM BE, J&If ACM BERVRIE, EIM, RN, BARDR B CBREs T —
ZIEIR, (BfE ACM FERYIXPYEE, ANERIEE| 7RI FE L AR, REM A2
AR, JEMATE=IRE, SMITERRABIN =2 B4R E, TAMIIH AR,
B FERIRIN BIRAATIR N, ACM SRR DA, IRITRGRRIERA €, s 7RG
RELATE, BAEREAIEMARRE “MitHE" . hZERI ACM BERZARAEENT, IRITAK
[Ef A mAnsdl, RN EREM — DR AFEBIZ A IRAI A,

AV TN, A AT, BHIFEES, RITSRMAREYINES, Rk
WL 4,

AN, EMFRRIEE FHEBIEAN ACM BE, POk, B—RSEINIKE, T
BIctE D, EEmhER, FEdk, BASTER, TREAERMASAE, EWEE “—MER
REE", POVEMEER, RUESMEFEC, sEEARRNE XK, WX EF—5%,

RESHEEE, (EABMBEEENERIZP—ERMERN, TIRRELENDAE, &
R MARRBEIN NI E R, FEUZREE TR B A B EUR ROV BRAAR, At SR
LIS, ABAIHZE S SAEER A, EHRVE, MBBETIENK. RBMERETT 7RE
K, HIRAZRESES TRADER,

EGTIRIENN, R E MR, EOETR LM B B, HIREZE
TRWHRRRAINURE, BAEFEIER ST 1Al SRRV, ERGE R s SR T 77
M, KEFRRHIIE, DENESCRITERE. LA R BRI Z B, R R IN
AUdEt R, TAZE Mk, WiaE R WA T, TR HILEN, REWN
AT EATERI R, OB FE, BTHEAE,

ok T EIMEFR BV TR 48 T AR Bh 545 S

MBI GRS, FRERAN EREE K, BATAMUSORIIT LR E/EE, B4
WA, BAFFRAED TIBEBRE, AWHINICHE, eEAH, EEEEEE, BAZR
18], ROAFEDEE RIATMREE, B ThinkLab FIRA AT, WEFREIRK, FEIEENE
BTN, BAWEFATHE S, ERaERNER, ERIMIEXRE AR, HERN]
HRIEZ R

ERIR N, TAIBER, WEEREE, EHIAREEE, BRANERTTA, i
ERTCAMFHSC R AR, BERIEN, STRMRETIENAEIGE, RIE, 2
BAEIE EREEEE . BATE R TR, ARSI i Bt i B A —
Zlo KBEEEE K Z, EIHE, Rk, BB 2 KhE & EErT,
BEATP2, =4, R, EPURIE |,

R FRES UL 7, R, FRM, T— 2R, BA80FAZAER
RZEC, BIMIETRIER, StGE—EEH, IERAESGIFRNE . L& IE
R EREDIIER, (RMIZZ2MEEINR, Eie i, REEARREIIM, E258
DLPRATT, FOORIIFFRRITT, SR, BAREIRME 1L, sF AR EE BRI
B, ([EXEANEEAN, PHFRNETIEREE R &5, PHERITEL B CHIREE,

55 54 T £ 55 11



PR TENS
7 SANGIAIAQ ToNG DR EIA RN IR %
BAT—EEFTHACETCIERIERS, 2RI, KAEHIT,

FRSFEER YA ARAT, TR /RERRZEEES, R AERSRK, BAIFHEERE
5K, BIERE. FAlRE T, HTNERREFAAL, BAT—REER, BE&NEC
FIRFREFRL, manSEEER B WA RIER, SURFRESRETERA TR E By S B 5 ot
M b, BIEAIMHAMATE ARZT, TROHEEAN, TERN, BIRIMIMOE
FrZ .

FRGTHR, BRINER, BHE, B/R, RIVEBESEAKE, H2HEZ52RK, 1ERHFE
FERTSELFRY AL, “HEWR RS, NEINAEMEDER T =67, BRIEEPRZERRER,
HEZLERETIARBER, IHIRFER E 77, BE 800 S, IEFRINR—BDT=ELT
IR, FSAKIENSHBERE 510, ER_RPUKERIENK, TEEFNE, EFHNY, £
RN, BOIRREHIER, FRIAWRE, BORES URIBIFG, TRICESRIE AR,
EAEXEELT, RMTEE A,

&iE, BEBRIHEEC. N5 RE—1T hello world’ B E+JLE, X—B ERHEEK
ZEZILICNE, HELIEE®R, 2 ERNENAIRR, @hdEtks, BEead
“UHTFRFEE T R, FAFENAS AR S REE LR TIX L5, HEWEER
¥, BRI MRBGEREC, B MEE Nl —” Wwad, RS NEE 2
H5BABEENZREC, B MERA A RE R B Co A TLEURATREIRTATRIN, K2 K
NRIR, PEREIEE, KRR E, ROFIZRZIBEREENEGER, 5 FFLAYRIE K
e B O —5,

WA —B& 7, RAME ACM FEXMERFEEI T, # FRXIEHERRE, Em
BT REBE ST, AR IR T & e —

L7740 H YRR BB A 1

m
=
S
5



v
S,
B
b
JESN
™
e

SHANGHALI JIAO TONG UNIVERSITY E EEEEEJEEE{J*&%&? g *ﬁgﬁiﬁ

MACHINE LEARNING METHODS ON GRAPH
MATCHING

Graph matching (GM) has been a standing problem in pattern recognition and computer vi-
sion and found wide applications in image registration'!!, recognition®>!, 3D shape matching!*>',
and structure from motion!®!. In general, it refers to finding consistent node and edge correspon-
dences between two or multiple graphs by maximizing the resulting affinity scores. The standard
formulation of graph matching problem is the quadratic assignment problem (QAP), whose affinity
matrix encodes second-order®!%! or even higher-order!!'! information of the graph-structured data.
A popular extension for classic two-graph matching (2GM) is multiple graph matching (MGM)!#-19]
where cycle consistency!!> ! is often enforced. GM and MGM are all NP-hard and approximate
algorithms are proposed over the decades!**33!.

The above two settings commonly assume the input graphs are of the same category, while in
the real-world application, acquiring graph labels is time-consuming and some cases are naturally
of mixture modes. Mixture graph matching and clustering (MGMC) is therefore proposed to align
graph-structured data and divide them into different clusters at the same time. Two recent works!2-2!!
have explored this setting, but they suffer from some drawbacks. 1) Convergence. DPMC cannot
converge stably while GANN does graph matching and graph clustering only once. There are no the-
oretical convergence guarantees of their joint optimization. 2) Rigid Structure. DPMC and GANN
heavily rely on the tree structure and cluster algorithm, respectively. 3) Robustness. GANN is
vulnerable to noise. The model hardly works when outliers increase. All these hinder them from
achieving better performance and real-world application.

Machine learning methods have shown their potential in pushing the frontier of GM for real-
world image datal®>?7!. Benefiting from the power of convolutional neural networks (CNNs) and
graph neural networks (GNNs), expressive visual and structural features are extracted from the
source data. These methods assume that all nodes of one graph can find their correspondences in
the other graph, which is considered a bijective mapping. However, data collected from real-world
often break such assumptions because of rotation, occlusion, and viewpoint difference, as well as the
noisy hand-annotated (or algorithm-generated) labels. It, therefore, forms a partial matching which
is a more challenging case and has not been fully explored. Moreover, current methods in machine
learning of graph matching mostly focus on 2GM and supervised learning. They can hardly yield
the power of multiple graphs and underlying cycle consistency. Neither can they deny matching two
graphs of different categories.

In this paper, we propose to address the above issues in machine learning methods of graph
matching problems in the following directions:

1) Propose algorithms with convergence guarantee, flexible structure, and high robustness in
mixture graph matching and clustering problems.

2) Design a QAP-based unsupervised learning pipeline that can train on unlabeled data to handle
the MGMC problem.

3) Develop a machine learning mechanism for the partial matching problem.
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4) Unify 2GM, MGM, MGMC, and online matching problems under the same machine learning
model.

To tackle the first two challenges, we first propose a Minorize-maximization based frame-
work algorithm with construction-step and maximization-step to iteratively tackle the clustering and
matching problem. Its convergence is proven under our problem formulation. We then point out
the initial hard clustering indicator of this framework is too rigid and converges quickly to a sub-
optimal. It is fixed when given the target cluster size. That is, the construction-step only explores the
size of each cluster, and once the cluster sizes are fixed, the cluster indicator converges within one
step. The fixed indicator limits the optimization space of the maximization-step and the matching
results can not fundamentally improve the clustering quality. Therefore, we propose to relax the
hard constraints on the original cluster indicator. We observe that the essence of the original hard
constraint is to find a certain amount of graph pairs (which is limited by strict cluster division) with a
high average affinity score. Based on this observation, we provide two relaxed constraints to replace
the transactive relationship in hard clustering and induce the relaxed cluster indicator. The above
framework together with our relaxed indicator forms the algorithm M3C. We show how this algo-
rithm works with initialization, construction-step to construct relaxed indicator, and matching-step
to utilize supergraph-based optimization. Specifically, three ranking schemes, global-rank, local-
rank, and bi-rank are used to construct relaxed cluster indicator. MGM-Floyd is modified to fit into
the maximization-step for its cost-efficiency.

Based on M3C, we propose UM3C as an unsupervised learning pipeline to learn image fea-
tures and graph structure to solve the second challenge. In the previous work, GANN!! applies
the formation of Koopmans-Beckmann’s QAPP?!, which only focuses on node affinity and graph
structure alignment. UM3C expands the formulation into a more general setting, Lawler’s QAP!2!,
We add edge-wise affinity learning and edge-wise affinity loss to directly learn the affinity matrix K.
Compared to other learning pipelines where the loss function is often applied between the prediction
matching and the ground truth, our affinity loss excludes the effect of the solver and only focuses on
the quality of affinity, making the affinity robust and suitable for different kinds of solvers. More-
over, we also optimize the pseudo label pair selection for loss calculation under the guidance of the
relaxed cluster indicator. Instead of using all the pairs in the cluster, UM3C follows the relaxed
cluster indicator and selects the graph pairs with higher affinity rank as pseudo labels. This scheme
brings the pseudo affinity label closer to the ground truth.

We test the performance of M3C and UM3C on WillowObject in the experiment chapter. M3C
achieves competitive results as the previous learning-free solvers and has the most balanced per-
formance with outliers. In the more complex settings, it notably outperforms peer methods in both
matching and clustering accuracy. We also verify the superiority of our proposed ranking schemes
by comparing M3C with the baseline hard clustering method M3C-Hard. UM3C significantly out-
performs GANN in all experiments and maintains a good matching and clustering accuracy when
increasing cluster size, graph, and outlier numbers. Though trained under a simpler setting, it can
also be deployed into a more complicated scenario and achieve satisfying performance. We also con-
duct several ablation studies, convergence tests, generalization tests, and hyperparameters sensitivity
studies to demonstrate how each proposed component works upon each other. All these promising

results show that our methods achieve our goal of convergence, robustness, and flexible structure.
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We address the next two challenges by introducing a ‘universe’ perspective into machine learn-
ing methods for graph matching problems. It first match the node in a certain instance to a universe
graph (instead of each other), then reconstruct the pair-wise matching. Under the universe per-
spective, we define three node types on a fine-grained level: matched inlier, unmatched inlier, and
outlier. We point out that the previous pairwise graph matching method can be easily confused by
matched inlier and outlier, and can’t learn the underlying semantic meaning of these nodes. We,
therefore, introduce UPM, a learning pipeline with two core components: universe metric learning
and outlier-aware loss. Universe metric learning helps to learn the universe affinity and construct the
virtual universe graph, which serves as a bridge for inliers and helps to avoid ill-matching. We also
discuss two types of universe graph construction to make it adapt to different application settings.
Outlier-aware loss serves to cluster out all the outliers and increase the robustness of our method.
Besides these improvements, we propose a contrastive learning scheme based on this universe per-
spective to refine the feature extractor. We show that it is orthogonal to all the previous work and
thus can be easily applied.

Moreover, we further analyze UPM’s transferability to more graph matching tasks. Since the
cycle consistency is automatically satisfied with the universe graph, we unify both 2GM and MGM
under this framework. The structure of the universe graph also helps to reject matching between
nodes from different types of graphs. The time and space efficiency also make UPM an optimal
choice for online matching. These merits all make UPM a unified model for graph matching.

In the experiment chapter, we test UPM’s ability in the face of massive unmatched inliers and
outliers on PascalVOC and WillowObject. It significantly outperforms previous work by 3-10% in
our main test and the gap grows even bigger when the setting becomes more complex. The pre-
trained feature extractor using contrastive learning also helps BBGM achieve a better performance,
which means our universe perspective is also illuminating for other works. In our test, UPM can
distinguish node types better than BBGM, which helps to achieve higher precision in the matching.
We detailed analyze the universe structure and universe affinity generated by UPM and conform our
conjectures on their characters. Generalization tests and hyperparameter sensitivity tests also prove
the robustness of our design. We further compare UPM on MGMC and the online matching set-
tings. Results demonstrate the great performance of UPM in both accuracy and efficiency. Detailed
visualization is also presented in this paper.

In conclusion, this paper successively designed learning-free algorithm M3C, unsupervised
learning model UM3C, and universe-based pipeline UPM for four challenges listed above. They
all achieve state-of-the-art performance in our tests with high robustness, efficiency, and flexible
design structure. M3C and UM3C push the frontier of MGMC and allow for further exploration
in the unsupervised learning model of graph matching problems. UPM serves as a unified model
for all the tasks in graph matching and can distinguish node types at a fine-grained level. It signifi-
cantly improves the machine learning methods in the partial matching setting. We hope these works
could provide new perspectives and inspirations for machine learning methods in graph matching
problems, especially for robustness, fewer labeled data, and more general settings, and provide new

opportunities for downstream applications.
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