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SOG i i T AH BAE A AZ s A0 B il SE i~ B2 ar 4 il i, R s 30y 9 m] DA
R Ty P Pt e Jr B SR, e S0 TR0 P DA Ao 51 MR P~ A A T ) S 2 4 D
b, RS R R TR FE AL BB B i k%, R A RIFMTERE. RATRZ
5 VPMR &3k, HA VP /R~ de la Vallée-Poussin £, MR NI ZFE R A% % (Model Reduc-
tion,MR). 3% FpIE At AT DA ot 4% 5 A4 52 L HE £ (Sum-Of-Exponential, SOE) ffif. 43¢
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B, HER, I HHEAF T4, AT SOE BRI 0  FE T T 8UE 4
Hr. FEAS[FIAZ R E I EESE R, B[] RRAR A3 R ) 45 BB o AR os A Ak AR
R TIZIERN R TERE. Ah, FATEWIE T SOG FE sk i s e B yvA th i B .
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A FAST SUM-OF-GAUSSIAN METHOD

ABSTRACT

Approximation of interacting kernels by sum of Gaussians (SOG) or sum of exponentials (SOE)
is frequently required in many applications of scientific and engineering computing in order to con-
struct efficient algorithms for kernel summation or convolution problems. In this paper, we propose
a kernel-independent SOG(SOE) method by introducing the de la Vallée-Poussin sum and Cheby-
shev polynomials. The SOG works for general interacting kernels and the lower bound of Gaussian
bandwidths is tunable and thus the Gaussians can be easily summed by fast Gaussian algorithms.
The number of Gaussians can be further reduced via the model reduction based on the balanced
truncation based on the square root method. Numerical results on the accuracy and model reduction
efficiency show attractive performance of the proposed method. We call the algorithm VPMR. VP
represents the de la Vallée-Poussin sum and MR represents the model reduction. This algorithm can
perform sum-of-exponential (SOE) estimation by variable substitution. VPMR can perform sum-
of-exponential (SOE) estimation by variable substitution. In this paper, the error analysis of VPMR
algorithm for SOG estimation is given in detail, and the high precision of the algorithm is proved
by combining with practical experiments.

On the basis of existing results, we develop a fast algorithm for convolution quadrature based
on the SOE, which allows an order N calculation for N time steps of approximating a continuous
temporal convolution integral. We employ the SOE expansion for the finite part of the splitting con-
volution kernel such that the convolution integral can be solved as a system of ordinary differential
equations due to the exponential kernels. The remaining part is explicitly approximated by em-
ploying the generalized Taylor expansion. The significant features of our algorithm are that the
SOE method is efficient and accurate, and works for general kernels with controllable upperbound
of positive exponents. We provide numerical analysis for the SOE-based convolution quadrature.
Numerical results on different kernels, the convolution integral and integral equations demonstrate
attractive performance of both accuracy and efficiency of the proposed method. In addition, we also
examined the application of SOG to FGT. Through theoretical analysis and practical experiments,

we prove the advantages of this coupling.

Key words: Sum-of-Gaussians, interaction kernels, de la Vallée-Poussin sums, model reduction,

convolution integral, fast Gauss transform
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F—E #a

XA RXE D WL ERREL £00, 5— M RZERIE e, ALEEHERE
F ) = TAl (Sum-Of-Gaussian,SOG) JEJT

max <emax|f(x)], (1-1)

f(x)— Z wje_tsz
J

Horb w; #0148 B0 BIFRAES J WAL AT 9. fEid )L H4FH, SOG HARFIE 1) iz
(9 3. TS E AT DAFE V28 BP0 I PR o RABEAE T, T3 s ] v i BB L),
SRR, DB B 34 A P A 8l D R ) OO0, o RV 2 R R B B
A mErER, B e = fAxD.x € RY, BIAIEZEEL x|, s > 0, Hardy %L
VIxI? + 52, Matérn %10 2. %5 S0 BT SOG A AT AR A e AAE X 17 i v g
IBEERAR,  TR A VR A B AT AR R T 5 [ 4 B8 1 20 73 5, AT XN AZ BR K f ()
AR AT AL B A 7T A— 4G B LR i AL

AFRA-DFRARAE ST Ao BN EZIRBIFST. i s A I R 3 35 75
. R R EL f (x) 1y Laplace A28 fic A HL ). Laplace A8 # i) St ot 5 45 4k
BRSO A b BB B X PO SR T IS AT AR, iR BT y = /x 1
T2 P FE RO T (Sum-Of-Exponential, SOE) n] LAREAL K SOG. U2 5 45 AR X T 9
B BOR. ER AR — M FE. Bl FAZRE x~ "I DAA WAy Laplace 2846
ﬁ[lZ],

X = %J ome xSt gy (1-2)
S -0

Hrb () 2 Gamma s &L XEXASFR B TEEAR 2K A, AT ] PSS 2| —2H SOE. X1 i
BAEA 155 SOG 53 SOE [ 7 LA A B mR B RE . — B R 80 5 T3 Laplace
AFEAEE R SOG &1 17 $57E Dietrich A1 Hackbusch f ik HA 14 /2314,

73— P SOG & iy i @ i/ D ek, SR BN /N B HEES B
PR A PR 1T S R ZE KGO F 43325 43 R AT 3R Gram-Schmidt 54 0] DA
Pt/ N PR ZE A, AT S TR Greengard 25 AP SR i FRA% o
B SOG H A T —FBAGT L. W EA I T AT IESH F— D0 8E A 1, R
WAL H G N A T R x. ATTLEAERE A th Ay = 7% i, A )
g bl b = f(x) . FEGE RSN R MBS R BEG, 51A THZBIZ[E (Model
Reduction, MR) 22! 5 A it (377 M7 35 A i A e BB, F 98Bl — N i ALY SOG 3
el

o T R B0E I H bR ek Bk br B2 — AR R R &t 1 U R,
AR A (BPAF9en) A5 s oo ) 236 HACHA 2 0P, B
s e (Fast Gauss Transform,FGT) 24 3145 fly SOG LA A% R A0 LRI 2, —A/ )
H S N A EREARGEARIMERE. BT BRI, FGT 78RR S04 iy v i v Jr R E50 i K
) JGYEAS B2 . QAR ARSI AT DARR A i B SOG Bk, RFRT AR R HE
J+ FGT [FERE. 7EX T LAES, $-H T MBI ki SOG ik, BARE 7Rk BERImT
PR SE N A i — B, ] de la Vall“ee-Poussin(VP) F1122-20) sfetly s 4% 1) s 307301

&5 1 50 4k 50 1T
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. ZREHEIAT — NS En,, BRI R/ IE. A MR EORR PAZE—
B T ISR E BORE BEKF R i, A 28— fead J5 19 SOG L.

SOE i fBl-5 SOG ISR, BLit—LEFf i3 SOE ALl s {2 A i B AP ML
FIA, FESCHR PR AT IZ B Rl 1O 18 20 2T FES SRR B SOG RIS B, AT
PAsE i 28 B ACHR T2 H AR £ SOE JEIT. [AlkEHD, XS 2R SOE I AA Wk L,
7 AR AR R B R A T R A IR Z B, T A RS B3 1Y)
TR SRR T RER R AR, SRR AR5 7 AR A B R AR AR ) 2 i
J%:TF Laplace 28411 Runge-Kutta 773K, %F07 &1 2% 0 EAH ELZ2 A1 ] Laplace A2 i 4581
B B R KAy SOE e, PRI I wks BEfY) SOE SR AU%F Laplace A% 25 5K A} A]
SRR R PE A AT H). AR SCONREX A RIE W] REIEAT 1 B AL T A 2=l
TRZZII T SRS B I b i 1 3 14 O R R

AT R A VP FIEEST SOG(SOE) ffiit, Z G MR SERMEFTARMINEAR E
. IF BTSSR E T I e a5 R BRI LR ke 1 5 52 | SOG(SOE) Aili v 1 it
RS I Al 58 AT, REURATROMERL. XM S AT VPMR SR TS B i 45 R W]
PASVFZ HARRFRANR &, I TE T IRFIRA W S

AR AR HLGUNT . 5 " E A4 SOG filivfl SOE fliiiydak, IR H 53
B LTEIAT . 5 =504 SOE i & R AR AR V158, FFX A T4
WRZE . HVUE T4 SOE A5G NSRBI DT BRI SRR, 3l 1 — N7 B A S5 31 5
WAL, S TILEN S SOG fhiT & T i 2 EPuE s AL e, H X8 & 2 Ja i) 2
HPEE IRFEEBATRE AT, 257N TR A i G SR RO A R BB
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TS, AT S R S T B A S M A E AT RS K ) R, ERER p
AT R R
L4 2,2
£ =Y w;e™ ", @-1)
j=1

X ERRERHL £ ) SEATIEIES). ok ) il sy 43 Bt RBORIHT GE. & X s, = min s, | H

%/J\%Ju-

2.1 de la Vallée Poussion FI

SIS VP AL BE RO £ (0 A SESCIE A LA RIE SRR AT AL
FEAEAT IR, R et TR E REIORRR O, B lim £ = 0. I F RO R

i
x= \/—nclog<1+§05t), t = [0, 7], 2-2)

Hipt o x H—A——Wdit. 280n, H—PIEEH B TR TR & @) = f(x),
W (1) £ [0, 7] LG #ELE. 1 HA @0) = f(0) Fl o) = f(o0) = 0. X @) FEATHIESN,
PAETH AT AR (—c0, 00) ST 27 (R %L

B (1) [F) VP FIsE R
1 2n—1
Valo®] = ZZ Selo®)], (2-3)
Hp
¢
Syle] =Y ay cos(ki), (2—4)
k=0

A (1) 1Y) Fourier 277431, Fourier 2%k a; W& A

1 T
—J @(t)dt, fork =0,
TJ)o
a, = (2-5)

EJ @(t) cos(kt)dt, fork > 1.
7)o
VP Fll, RIAZ(2-3)RT AR PR A7,
n—1 y
Vol = S,low1+ Y, (1= %) g,y cosl(n+On]. (2-6)
/=1 n
EARQ-6) A 1 = arccos(2e™ e — 1) A 35
n n—1
—x%/n 4 —x“/n
f0=Y a,T, (2e e _ 1) + ;21 (1 - ;> a,,/Typs (2e ne _ 1) 2-7)

¢=0
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Horr f,(x) = VleM] N HBReRE f(0) B— M. a2 e g — I8k p = 2n
(% SOG &t iXHL T,,(x) iy m [jir Chebyshev ZI, &L H

[m/2]
_ _ (M= m2e, 22 B
T, (x) = cos(m arccos(x)) = ZB( 1) < oy )x (1-x%7. (2-8)

FAR Q- AFNI AR Q-7 I B 2B A TEH, W] DASSI AN R iY@ Bi2.1.
B 2.1 TEAK Q- BYEEL f,(0) AT AGM R SOG Ry,
2n—1 .
f0) =Y wye ¥, (2-9)
=0
ol p =20 WIEFH w; .

( n n—1
n 4 )
ay+ XD as+ T (1=, j=0.
/=1 ¢=1 n

4
wj:<2212( 1)5’ in]< +J) f+2c,, a,.p» 15j<n, (2-10)
r=j

n—1 i

Jj .
X CnGuyys J>m,
(£=j=n

A

c,ﬁf=(—1)"+"”—f(1—f) 8 (n+E+0)p
n/n+fl+j\n+¢—j

RNRCDHEH T J A G > 0) M5 s; = \/n/j 1) SOG JEIF KK, HEE
HAFBA G AR ME— MR AE 2 3 (2-5) 1 1Y) Fourier REEAEITAL. IF AL PASIA
PRIFE AR L AL T IR RN AT R A

EOBUNITTER s, = /nQ2n— 1), NI n, P T AN TER TR WEREHIE n, ~ n,
Wi e ﬁﬁﬂt?%ﬁ

SOE [Tt [ B, X A 2022048 & A4 4s hy

x=—nclog<1+COSt),te[O,ﬂ], @-11)
VP FIRIA AN
AR Z Za cos(mj @(7) cos(jr)dz (2-12)
f =n j=0
Hrp a; = Lj>1 E_a() =12. RAEH
2n—1
f0) =~ —J P(r)dr + Z a,T;(2e™" — (2-13)
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HARECH
4n—2
a; :max{g, n- J}J K(t)cos(jr)dr (2-14)
T nx
%5155 SOE
2n—1
f Y weme, 2-15)
j=0
Hh et R2E0h
nte N=C .
2"0"‘ Z( 1) 7o+ Z( 1) 57 nes for j=0
2 < f—j nt £+ nlosom
=42% N (), 4 _n Cforl<j< i
4= fgj( : (¢ +j)2n—12) (:Zj)ac fgl G pp_ptmer forlsjsn(2-16)
n—1 jt
& a,.0, for j>n
\=j—n 2n—-°¢
Hrp
" n/ n+fl+j\n+¢—j

AMEUER 22 30(2-16) 5 A (Q2-10)354. JRLERYIRZE DT STt LA SOG 11 g B,

22 RESH

X REATEEHE M VP A V,lo0] it BARREL o) B Erinds. Bk o0) 1
[~7,0) U (0, 7] PYZ/ Bl i, KFE 5 BRS¢ = 0 LA AT oA 20— al Smi R 00 F
2 @) 18t = 0 AT, A SCHRIER] VP ALV, (o] 7 R E—Z0li8T o), 2
RTE t = 0 — AL A S R S A X T BRI Yy, HHE Boyer I Goh i SCik B,
AR
In2 / -31
ValoO] = 9(0) = =——=1/n.f"(0) + O (n™7) . (2-18)

M (1) 7E t = 0 Ab—BA AT S, Rk £7(0) = 0 [ R 2 12 1 s s 2 f(0) =
—MEJT, N AR Matérn 8% (v > 1), FEXFMEIL R AEA 2 Q-18) P A IS — 35y
0, REMM LT . SLhbr b, EH2 2R, BEHLHEE 0 (n72), AR 0m™).

22 i V,[eM] N e@) 1 n B VP R, H @) 78 [0, 7] L Fral ik, A
2m. A F0)=0, NG

V,[@(0)] — 9(0) = O (n72), (2-19)
VoMl - o) =0 (n"2), t#0. (2-20)

WEBR S, [o0)] Fil V,[@®)] 435127~ n By Fourier #343FIFI n By () Ffliit. 5] A Fejér
TR FIH

o,lo®)] = — Z S,lo(0)] (2-21)
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AT VP AT 22 AT AR A

Vile(®] = o(t) = 205,[0(1)] — 0,[01)] — @ (). (2-22)

Hy Fejér H43 F o4 5 Jn 26!
sin? "'f

6, [0(0] — (1) = i J [0t +8) = (0] —de. (2-23)
1 -_—
2

AKX C-2)HAC-22)H 4

V.o — pt) = - j [0t + &) — (1) wda (2-24)
nrwJ_p 4 sin
18 = 0 NEIG. ASNQ24) AT L ETERTERA, 1, F1 L, B
1= L [ o0 - pon =2 (2-25)
nw Jo 4 sin 3
5 0
G (p(onwm:. (2-26)
nw ) _n 4sin” 2
HAHE I, KM I =1 + 1, B
1 1
Iy = J (&) — @(0))(cos né — cos 2nE) (4Sm2 £ - §> dé (2-27)
5 T
I = i[ (@(&) — P(0)(cos nE — cos 2n) = d¢. (2-28)
nz Jo ¢

TEA Q27 , 1/4sin®(&/2) — 1/E* 7 [0, ] PIUE LR (0.08,0.15), T kR g5 —
TRAYHRAE [0, 7] TELE, WOTT H S —BUr PEE B, fRE— N IESEE M, 15

M
I, = n—ﬂl L (@(&) — @(0))(cos né — cos 2né)dé. (2-29)

T
5=0]

M . . - (0
1y =n_7r1 [(% sinné — ZLn sm2n§> %(p()

= d28-00 | |
¢ ( . . )
- — —sin?2 d
. az p, sin né P sin2né ) dé&
» d28—20

My
= L dc (smn§ 2s1n2n§)d¢.E

-0(5).

H s EWP M TP, ¢'(0) = 0 H ") F47E. XTI, WA RARFHS H P
g0 Ly = 1ip + L, B

(2-30)

1

T = 7 | (€)= (O eosn = cos 2n) L. (2-31)
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hn=$Lw®—m%mw&mﬂﬁéﬁ. 2-32)

TERF cos ng — cos 2ng 7 [0, Un] FARGIMN ELERJRIESS. BT £ () 774, FIARTS 1o W
HAF AV B EE B, BOIAEAE— AN IESSE M, < 1n {15

1
1 = — 00
Iip = ——(cos 1 —cos2) JMz %

HEH [9E) — O)/E 1E [Un, n) FAF, FFAE—AIE S8 My (§i15

dé=0 (n—lz) . (2-33)

M| (" M,;(2sin1 —sin2) |
Il <2 L (cos n — cos 2n§)d§‘ -0 S;r;z” MY o <ﬁ) (2-34)
e et vt =OmAn, Ha
1

11=111+112=111+1121+1122=O<n—2>‘ (2-35)

[ELI¥E] X
L=0 (;) . (2-36)
B 1 F I AT AR A Q24 BRI A X Q-1 A B Ah T, X T 1 # 0 BRETE
KAMFER ¥, X T DA . O

23 BERREMAE
AN, FERA1F B SOG it iy s Wik i o k. JoAr 167 5 iRy ¥
(Square Method) Ji7 Jl TR AR B 2% 31 v, LSl — AN BEE S AR, B 138 —A4

q Wi SOG, ffifs
2n—

1 q
.2 _ 272
wie XM &N Tpe (2-37)
j=1 =1

Hifrg <2n—1 HA sy = min|sg| & y/n/(2n = 1). IXHEERL j = 0 TOREONC 20
By =x AR A2-380 Ak, FEXTILR A Laplace 454, Rf

2n—1 2n—1 w.
L e e | = . 2-38
[; wie ] ; z + j/n, ( )

23 2-38F b ] A — R RGO,

2n—1

w.
c(zI — A~ b = L (2-39)
Z{ z+ jin,

Horbr A g— XA, b A ¢ 235 — 5 B A — T, By RBOERE, & SN
A= _diag{i,l,..., (@n— 1)},
c nc nc
b= <\/W’ \/W, ) |w2n—1|)T, (2-40)
c= <sign(w1)\/m, sign(wz)\/@, e, sign(wz,,_l)\/m>.
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RIS PR IER, TOAE AP RED T Sl D TR R 4 X P AR TT DA > A4 22—
38 AT PR B KR, M 2> SOG A i i Wi X Rk IR R SR — 22 KM~ Lya-
punov 772, K P 5 0,

AP+ PA* +bb* =0, A"QO+ QA +c*c =0, (2-41)

Horpow FURIBIEEE. B R A AT RER B P A AR AR BE X, A AT PATHR R
T PQ Y75 Sl XA S I R G R ECERE R A9, bV ¢4 BT S XAX ),
Xb, Fl XN IAAIHT g x g, X 1,1 x g FH. X8 FHH R

sup ézI — A 'b—c(zI — A)7'b| < 5, (2-42)
Hop 6 A—MREHEL 5 PO WA REA . XA RHE o AR b A 4, 52
T MR SR, 53] TSR SOG i fl, BA=@2-37).

I A MR SRR, B E2-1ITR, X2 — A il i) 317 5 R
PRI YR, SEPRSCER 3, HE MR BORM B m] DAN . A BERL I B O v 52
R IE MR S TR TR X B2 AR A IR ST RO R B, AT AR
W B TRBGIEA T By, X TR XA 7 AT ek sh. RV BB A 2 R A TAL, A
JET AR 2 R, RS R 245 5 2R e B e 1 5 PR T

Tk 2-1 BT POy BB A BoR
WA SPEREE (w, 1200 WIS Hon, 5k e
s BRI R R B Imy ) S TEREL (s},
1 MR A = —diag(1/n,, 2/n,, ...,(2n — D)/n,). 4 —5 n] &
B = (/wl, \/|w2|7"'\/|w2n—1|)T- A — AT =
C = (sgn(wl)\/m, sgn(wz)m, eees SEN(Wo,_ DA [Way_1 D
2 SKfi# Lyapunov 7 AP + PAT = —BBT 5 AQ + QAT = —cCT;
3 114 P () Cholesky 57 S, Q /] Cholesky [T L, Blskff#e P=SST,0+ LLT;
s WHSTL Wzl STL=Uxv", Hh X = diag(e), 0y, .0, 1)
s 1HE T = SUZ_%;
6 KN A =T "AT. H 5
7 B=T"'B. "Eiif7n& C =CT;
2n—1

8 SKIMERER 2 ) 0, < e B q(— IR/ ME):;
i=q+1
o BUEFE A [T q X q THAWENERE A )5 B (0w q F11E 5 & B BT &
C #i q HIEHt71 i C;

10 PEAHEMA R A= XAX ™ B s = Ayl = 1,2, FH 5o = 0;
n B B=X"B.Cc=CX. #m+1=BC(=12,..q9 HHmy=wy:

ATV F], MR AR B AR I BT, FCUL I Sttt d 2 i Fip > 2
FHERIRYZRGRAE. 2RI, T BrA WY RS AP A0y, VPR E E IR T
{4k SOG I ELARRIE SR TR AL, X HF LA 1.

AR T RS, BY VP RIS MR 0K, TR AR Z 5 VPMR H3A.

5 8 1L 4k 50 1T
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10’
10" - Rational approx.
v Parabolic cont.
3 A Hyperbolic cont.
107 & Modified Talbot cont.
] VPMR

Maximum error
=
T

2-1 Wity SOE MLl de KA %

BT ASK S H AR e £ SOG Al a8, o mT DA S A8 e AUHe, ok H AR SOE £
T L.

& T VPMR BE TR R FEEE, BIIRATR A T 246 T AM (Multiple
Precision Toolbox)**! S S HZHE. X8 T HASTE VP FIFI MR R 113 F2 i) VPMR 44
R SEHLRAS AR TE X A 1T, W3 hitps://github.com/ZXGao97. (i f]-F-5& &y MAT-
LAB. HAEIZAEE &5 VPMR ByER AL, H B AT RASEE AR AEAH I 240, 4 5 H
PR R E . RIS AR e JE R, IE W] AR S T R IR i ek B, o B R AR
FEARGTERGER. A A B EE B T 2% A0S,

24 =1 xhl: SEEHBRF
AATHAIIII T VPMR FEE R R A SO AT A i ERE, BORAEVFZ WA
Zt o O R T R DPErs e e ES T

x2S _ Lj oZ \/Ze—\/zlxll\/gdz, (2-43)
r Z

2mi

Horp I ol A =R IR —oo %, GEad JGGR I 5 “RIRK —co BEATHIZE. B
F A SRR, AR L, T RS TS Y Talbot #2220, By ik seps A —
24, I HFEIATIAL, DA i Sioat B 7). R B e SR A P AR 4 o
B, R AT BRIE A B T SO JMPOT. Sk b A 1 1 AR [ s 22 AR 4 3 XA
SRAGRPAR B A S 3 B P SCHR oo 8 7 = DR B e Y e A A T S 5

FAVE A ISP 4 ) VPMR SEA EEHE R H ARG TAE, X&) SOE Jiful
BT T H. BLS = 1, JKiRZEE N

E_ = max

(2-44)
x€(0,100]

x2
e % — Z mje_ij
J

B 9 2 AN () B A B R . X LA (1072, 10%] J 100000 AN BEHLT A I 22, FeAi]
MICERPT 453 T 5T Laplace 78 i 5 Fe (A FIE T IR 45 8. £ T VPMR 53k, Al

55 9 1T 4k 50 1T
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Wn, = [n/4], GERME-1FR. BP SR T 5 MAFERE SOE Tk S BLEiT. #l
Pk Ae . Wl AR . 1B IER) Talbot f42A1 VPMR B3k, il fs ., 46, @, i
IR LR, GP2REW], VPMR B3R T8 AW SO B Ty Tk b B T T S A, P Ay
TORROY LI T AZETIAGE 1] 20 22 J5353) 10717 WOREEE. RSB TELLE T R B = Fhs Ay
M SBTECh 0(6.3™), A BLELT RS Bl O(7.57"), T VPMR FEIRAIUCS 8k
0(9.0™). It AT LALER] VPMR S A BT I S A i DL
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FZE EHRNTHERRS

iR BE SOB Al — A~ TR 8 2 A 2 ) A5 BB A Bt 4 55000, % i e i
S () 5 RREL g(x) PN ) AR

t

yO)=frg= J f@t—7)g(r)dr. (-1

0

B — 253 BUBLAR 130 (0 bl T Al B 2 0 R0, 0 B B O R DR AR L
Volterra J R4V daptg e 22 37 RIS 12 712 10 L. B s kT3 R BUBL A O Al -3
HHR 2 & T Laplace 4245 (/1] Runge-Kutta J77A 58 i), RSN %R %L £ (x) W] Laplace
ARHAT F(s), WEERHBR T AT LAREAL N

t
y(t) = ﬁ L F(A) L M Dg(r)drd A. (3-2)

t
ﬁm0=JJW%@MnMuﬁﬁ*ﬁﬁﬁﬁﬁ&w=ﬂmwMM®:ﬂ,Mﬁﬂ%ﬁ%
ngxwg%*%ﬁﬁ%ﬁﬁ%ﬁﬁﬁﬁ.ﬁ%%ﬁﬁ%ﬁﬂu%ﬁﬁﬁﬂﬁ%m.ﬁﬁ
YA bR REE I, U R () R A I MR AR X Ry ¥ 1T PAGE
AR, ZWRR BRI IR R R, R3] 20 %350, Schadle 25 APV JF % T —
PRI SE, K N IHIRD S Y03z 3 2 B RS AT i 25 10 94 5] T O(N log N). Lépez-
Ferndndez #l1 Sauter’™ 5[ A T —> feif Al A8 F )5 K B FARAY. 3 4L it i vk fi
Lubich 75 V38 W T30, 5 W0 TR 25 ). (B SCokgg ik, X 2R EGE T4
BB, HIRE T sh 7202, pab, Bl ds B s SUT I 20 Laplace 254k, i
X FHLAS A > MG v 28 (8 ) Matérn 25 s SO BERR IRERY D). 0 X Ry A1 22
it 2 AR TR .

Lubich {75 A 24 T 0 4% o B TR S B s e, AT AR T 46 b i — AN B IO AR
FANMEEOR. BT A A VPMR F3E A4 B SOE JBh Ak B th 2 B2 i AR I i)
SOE, #RJGXHFAEET AT Runge-Kutta J7 k. X MEERM S T LA, 55— 3
fiTAT PAS| AL Laplace 25412 AN B4 SOE 53k, AT M5 18 3F— B i R 8. R,
AT DAF T MR 35 AR P O 5, ATTRIE A & HH A, 45=, R VPMR 5%
R 5 AT A AR AR FE AR R RS B2 ) St B Ry (8, iz 29 Ak, 2600, X Rh ik
R8T Laplace 28 8045 Sy P MORE IR 25 15 . B0UG, F843 02 2 bR iou DASK 11 e
(¥ Laplace 254, {H 7] RAR ] VPMR Bk, T4 45 A% A SUaS, A4 LubichB45] g i
K, AEF SR HEAT B, 2 R X AT R A R . A A T X AR i
FEHEAT TVEARAAMHT. DATERR & 5 i ks

3.1 ERFAITHRETE

FIEAXG-DH Y v T Bk f(o) Z2IEar R, FIAH VPMR B35A 0T
SOE &ilT,

P
@) R fo@) =) mee™", 7 €[0,1] (3-3)
‘=1

2511 71 350 7
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Hrmy, s, € C HRe(sy) 20, HIRE (1) — fos(Dll <& HH0<ex1.
JEASEIfK) SOE @it AR H G

t P
NOR L fest = D)g(D)dT = ) mY(0), (3-4)
=1

Hrp

t

Y, (t) = [ e g(r)dr. (3-5)
0

A 3-4r N BB TER AT AR AN T I AR © = ¢ R
Y (1) = —s5,Y,(7) + g(z) with Y(0) = 0. (3-6)

2y B-6) T ABE IR TE] 22K 1) Runge-Kutta J7i5ARORE. AR ¢ = Nh, Nhizfy
SLRPEETT DAL N O(N).
BRIV, KX Runge-Kutta 77757 DA

q
1
Y =Y+ h ) bK, (3-7)
i=1
N ':':l
q
K;=—s/|\Y!+h Z a;K; |+ g(t, +ch), i=12.q, (3-8)
j=1
X, b Wl e, WBEL Y N Yp(nh) AR, A0S SO 4% 304 Runge-Kutta J7

VS T %) . —Fp Runge-Kutta 77 EFR A p B (Order), g 2% (Stage), S B2k (Order Stage) &
TR IR 2 R Ohth), $6 g AT, T Hi%2 R OhSH!). 7 Butcher %
1 ATABSHAFER A = (@)gxpr BT = (b1 owe,bg) 55 ¢ = (1,0, ¢p). IARG-DHILEM
Runge-Kutta J5 ¥4 588 M s BGE SUh

det(I — zA + zEBT)

_ Ty _ -l _ _
Hz)=1+zBT(I — zZA)"'E = oA (3-9)

{HA 1F 25 2 Runge-Kutta 7535, AR _FiA 554 Runge-Kutta J5 %4 Lobatto IIIC J5 ¥
&N AR RO YE TR N, X PR R I % Runge-Kutta 575 28 L2 E M,
Hp

|r(z)] <1 for Re(z) < 0and r(o0) = 0. (3-10)

RN W T AR GO TAAE NI PERGR I OL, LA 5E TE g B R A — 4. RIS F:8L
SRR RAIRZERR. I HX g0 — AR PE S, RIVAT RASEARH SIS 18] 22 1%L
(RS OB AR S, AT s R IR Sz RS, FFAXG-DIRALKG-6F, WLAE
i 1 Runge-Kutta 77 A5 2 G E A 2 i 155X

n
Y =h Y v, (208, = r(z,)Y) + hy,g,, (3-11)
j=0

Hifry, = BT — 2,47, 2= —s,h. KW v,(2) Fl g; 5 XN
v,(2) =r(2)" BT - zA)', g, =g, +c1h), . g(t; +c,h). (3-12)

2512 71 3 50 T
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MR 2 G-D I AR S

W(it) ~ Z my [r YN+ hyogy_y] (3-13)

Hrp YNV ARG-1DRE. BT w, Ml gy WHKER q s, &S HnEE g
¥k O(P). Tl T PikKNE—ATRSE, WA —HmEE 24N o). I HibH
AT A5 D S0 B T DASAE, SR A IR IR] 5 f L0 B ) T G £ B I

3.2 Lobatto IIIC %

AH T L—FWL by = ayy.j = 1.+ .q.¢, = 1. T FL A HIFPHHE (A 1E 553009 b
7\, Runge-Kutta J5¥%, R4 Lobatto IIIC J5¥Z%. ZIKjC}: 2 T Runge-Kutta 75 53535 B AS[6] [
%41 Lobatto IIIC J5 k.

R R2RY
t,+h,
J f@dt (3-14)
Hor f NSk g, WHAAH %#m?kﬁlp’ft_t + hy, ALAIHIE )
Ey =f@®, y(t,) =0 (3-15)

t,+h,

T st + ) = [ S0 ARCADMT TR 25D

t

n

t

t,+h, S
J f@dt ~ h, Y bf(t, +ch,) (3-16)
n i=1

Hrr s M SSECN ¢, e 5 s MBUESECH by, -, by Lobatto B3 A3, A BIHESCER
WHRHA Gauss- Lobatto % Uy sl — 413 2 DU R AT S S EARRUES B . s DR

ZH00 s B ST =) B, X ESE R ¢, =0< ¢ < <¢, = 1.
ﬂﬁ?}é&w%wﬁﬁ%ﬁﬂ PF BQ2s —2) k&R, H &4 Blp) & LH
B() : Zb ck=1 % =1,,p (3-17)
441 B(p) HOPE AT PASK HAUE S50 a3k
1 j — cee p—
b; = " >0,j=1,,s (3-18)

Hifr P(x) = k_2_(( 2= DOk S R SE R S B
ﬁjiﬁT’ﬁl EATAXFRPET

boyi—j =bj copoj=1—cj, j=1,,s (3-19)

Fr ik EAFE AU S5 RS HO 751 Runge-Kutta Jy L SHUENE 7 A1 &
XFRY, FFE] T —4> Lobatto IIIC J5 kb5 . A R BN A Cs — D)
A D(s — D). HAPIRhZ1E7 BlE SN

s Ck

Yaye == s k=1 g (3-20)
j=1
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N b
Y bt = ;’(1 —cb) =l s k=1, (3-21)
i=1
HABR AT a;; Bk Runge-Kutta J7VASHGERE A it #E. 4T Runge-Kutta J5 7%
(iR 5 S HOEREII X R, FESCRRET S ehR 8] TR .

EHE 31 —AS RO 2 5T B(p), C(g), D(r) B Runge-Kutta J5i%, JBri&ch
min(p,2q + 2,9 +r+ 1).

M Lobatto IIIC FIECH 2s — 2. —S{EH 1Y) Lobatto IIC {8504 14K

| |
3 3 11
s=2:A= [i 12] , B = (5,5), £&=(0,1) (3-22)
2 2
r_1 1
6 3 6
B 17 s 1| gr— 121, 1
6 3 6
S VA N |
12 12 12\/_ 2
1 1 10-74/5 5
s=4:A=]|12 4 60 60 ’ﬁT=(ii,ii)
1 1047V/5 1 A 127127127 12
12 60 4 60 (3-24)
1 3 S L
12 12 12 12
1 V51 Vs
=03 o2t

3.3 FREA

AR BRI R AT 5 (B AT 5) (I IHEE, 25 FERFP AL 7 PR 20 ARS R A7 A
MTHERN tg <15 T =1—1y, BRBUF AR R
T

0
y@) = L f(o)glt —r)dr + L f@—1)g(t)dr ;=1 + I,. (3-25)

XHEHEREE I, W0 MR BN e, A DA E—/ NI 2 A T AR . 27 1,
WAl A g(r) ST ZHAE(E, HHX f (o) fliH) X Taylor &I, Bl

f(@)=apt™ + a7t + a7’ + ... (3-26)

Hor agr™ Jar I BB E . X T8 A A B A A, B S AT AT — 2 e i
AT RRARE L. A XA IR, A7 B TR A A — > 2 IR e A B AR
g Wty = O(h) i G(r) K g(0) I Z TAIEH(E, A

0
I = j [agr™" + ay7 + ay7” + -] Gt - 7)d7, (3-27)
0

M AR TR, R 1 T s FIEFELRR, H2lT 1 /D, HAM B LAEZ.
AR R B S SA3- 1.

HREITERA AR D, BT 5,6,9.10 28, BW AT, HH I M1t ES ¢
Jek, AOTE T —. WmaR s a2808 N, BasBARER ON P). 7T SOE HyIi4L
P BT SEL, HF BHEORGUNT IR B DA ISR L iz 3

AR

2 14 11 3 50 T
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ik 3-1 FI | SOE BB pdi 1 5
A B ¢, AZREL f (0) H5ETRREL g(0)
ity AXG-DErgs by y@)

1 EFEAE R IR 2P K A 5 Runge-Kutta J5¥%;

2 FIHARG-12)THHE v,(2);

3 if f &5 L R 57 then

4 | K fAE[0,1] |1 SOE;

s | (gL

s | A AX G-t y@);

7 else

8 XFEEEW o, Ky 5 L
9 M ARG27RATE 1

w | FI 4-6 BAhT 1

| Fr 1y 5 1 A,

34 REMIT

A/ NTRERHE G VPMR SIA RIS [0 BUR A A PO T S AT D22 . i BB T h
SRS DL, BMBRAZ R f (o) eSS Ar 5. ARAr et 00 n] AR MO B DL — 501
NRG-29G M FITE, ATLARFEUERE yi(n) S

yu@® =11+ 1}, (3-28)

Hoep 17 5 10 4250 1) I B (E AR
BRI I AT B gt — 1) € C7([0.10]).y € Z, H.G(t—1) Jy gt —7) 1y L
PO (L < y). BARIBEIRE 1T A S

|G(t — ) — g(t — )| < CyllgP Nl oh", VT €10, 1,]. (3-29)

WAL 2K (B-26)F1) X Taylor JEIFEL M Bl £(7) = [ (o), WIXET 1) #87 BiRZEqh
oA,

To

To
|Il—11h| = L (f(r)—fM(T))g(t—r)dr+L Im(@) (gt —7)—- G —1)dr

to fo
< - t—1)ldr + t-1)-Gu-7)ld
L |/(0) = fa(@)| 18t = D)ldT L | /@] gt =7) = G —7)| dz (3-30)

Ty Iy
sclté“‘j |g(f—T)|dT+C0||g(L)||othJ |/u (@) dT
0 0

< CilnghM* gl + CoCry, 1 18P Nl 0B ™

b Cyay = | a4, B AR G-DRBBU B 0. Co 5 Cy ke
XEF I3 5y, RS £ — ©) HEAE (0,71 _ER) SOE JBIT fo(t — o) fifiit, ER2EEE A



> » A

SHANGHAI JIAO TONG UNIVERSITY lmﬁﬁﬂﬁ*ugif
=

|- 1| =

T P
L (f(t=17) = foslt = D)g()dT + ; my Eqy (1) (331)

<ellgllyg + Pm |Emax(t)|

max

o Ef HRIRAR GO ¢ /l‘%?ﬁiﬁﬁ 2% M Runge-Kutta 75 [JEATIRZE. W mp,y =
max{lmfl},f=1 EZ () = max { | ELe 0]}, 0T ED2 () 4740 F 2L

FHE 3.2 Bi%—1 ¢ 210 Runge-Kutta J53%. 1% p & Runge-Kutta 75 V£ ) %22
B, HS <p—1, HEARG-10). & h AHEEK. W g() € V(1,1 y 2 p 5
max Isohl <1, WRZE EQg () EFH

—1

|ERg* ()| < Ch? leg“)(o)ll + , max ||g<1’>(r)|| (3-32)
f_

Hr € o— AL

AN FRAGUE PR E SCRRO (0 B 3.2 MG IBE 5.2 g PRANAOTERA, PRI AR SO 2%, 5420
K (3-30), AXG-3DHAIK G-3DF [y0) -y, 0] = O (h? +¢), Hrfrd = min{M +1, L, p}.
X RGN BREE LB AWy, e VPMR F3RB £ 1) SOE it i¢2s, /& Runge-
Kutta ¥R Frr= AR B2E. J5+# 322 i Runge-Kutta B USRS UTOE. FERLEHSE %
R PABE, 7E/NE K2 Runge-Kutta JAIREE N FRRIE, B IRZHEA K80/ MIR
M h? BCE.

1A KRS BB A SCER P Al AR B 2, K w5 S B AAE S BB A i 7
RET AR KA. BITAE N — B F A RE e VPMR FIER G T i (] 8 B 23 F 5%
7 RERE AR, VA SCHA IR ZZ 04T
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FNE FEHNTHERRILE

TEAZE S, FATYFE TG VPMR SR8 IR AU 7 SR AR -5 1 170 R
A IR R M BB R OOL R R, ARFESRAE T RAE N A i) P R A 2
FERIAEREZS RN O(N) (9773 FERARSIEN sy A2 ALt Volterra Jy 2140 4545
UK IR, BT SOE AYSA ] ARFG AR AL s 9263k 3, I ml DA 731 B
TRAF AL PR SR AR 75 bk, AR BT B 5 SR B I RIS R R U S
VPMR S5 S L P AE.

41 ZHHE
SR TG A P T BB 2,

t

(I-w)eg®)+H®) = J f@t—n)g(rydr (4-1)

0

Hr H(z) B—MEEMCHIREL f (o) RS w h— A ESH WIMERAE R e(0) = g0 B
51, EARSRBUR KL g(0). SRS A E B 1 S 2 FSE, Bl AEsR AR )
LR AU 77 AT T A P2, 2 R BRI R B, B ft—0) = -1, 0<a< L, w =1
AR E-DYHFRIE Abel BUM L, @ # 1B AR@-DYEFRIE X Abel B . faifk
Abel [ A IRA T _E 5 ) SUBUBR 2 B A ] 160-61,

ISR R BT 5, AR A VPMR B36158) £(r — o) (9 SOE BIFAiit. Ax@-D
| Runge-Kutta 7% (122 (3-13)) S5 153 i Briois =4k

P
(1-w)gy +Hy = 2 my [r YN + hy,gy )] (4-2)
=1
Hrt= Nh H; = H(Gh), w, Fl gn_y WIRETSCHIE L. 05 (AR L, B B30t 1a] 25 i sk
W g(z;) FRohe s, OB HFE] BN g(7; + ch), 0 < ¢ < 1 BRI, RARTER 5 7 R AT
bR AR B i b A pR SO T P B BRI S R TR AR R T AR, Al
Fom SARAE, VRS ) R BRI P 1 R R

gt; +c;h) =) alglt;_s4n) (4-3)
=1

Heb o, SBESH. KGRI K R A — A AR — R M Rk
HEE ARG, AT AT DASE M . SSORER M R By R Ak — A —
TC PR AR R TR, KO TR B 2 A S A A, A 77
Bk ffas, I FLIETRHE T A LR ASA I S My B o WA, 2,
PR R 25| 10225 BB T (A5 o 1 I ) R BE s/ NI 25 K R T 32 K

BRI L 2 AR R R2E, MMTEHEIRE RS B
WAL R EE ST A 25 WA R G-25) I R AT A AR 25 . %
to =nph < 1,ny € Nt 2BDIHbY £ < to B, XF f(t — ) #E47) L Taylor J@FF, I H 206
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BT g(0). XFEERRD TR IBA R — R RV R, 1 > 1 I, AXE-DRBH
*/\ﬁkjj%ﬂf,f”tjg

T

lo
(I -w)g()+ H@) = L f(D)gt —r)dr + L ft—7)g(r)dr. (4-4)

TE [0, T1 bR} f(t — 7) $EAT SOE i, A2 34— BT T DA A 25 500 R 7 R i

N e B AT R DU RS M, AR A SRR T AT DA 2T SR L — ARk TR
K. WTFAREOHERGATTRY, () i fu(@) it Hd o Zk T AR
gt — ) i L Brig 2 T fbiT. AUEENITEZD S35 [0,10] P92 oM+ + hlby.
X F AR @D AR AT S, B £ — o) 2 P 3 SOE i8I £ — o) it
[, SRZEPEHILE e . g(0) BIN ARt m S SR 52 A T (AR @-3)). 4T
A L-FRGEVER) p B g 90 S < p— 1 B4ty Runge-Kutta 7535, A

P T T
(= w)g) + Ht) = ) mpe™*c"0 J eI Dg(r)dr + J [t —)g(r)dr
0 0

=1

1,
+|rosa - o 4-5)

0

P t
Z MY, (T) + j ’ f(0)g(t — t)dt + O(e),
=1 0

EF‘ M, = mfe_sfto Je = F—Jes E_Yf(T) jﬂﬁ@yﬁ/\ﬁﬁi Y/(T) = —Sfo(T)‘f'g(T) with Yf(o) =
0. (). & T = Nph. R TIEMTEL, #HAXE2)%AXE-5)TUANE, H

P t
(I-w@)gO+H@® =Y MY, + J ' fu(DG@E = 1)dt + O(h? +¢), (4-6)
/=1 0

Horr YNT M Yy(T) ifi i Runge-Kutta FESBIAEEM. HES ¢, = 1, H Runge-Kutta
BB r(z,) WL r(z) = €% + OO RTTXHERE ¢ ;Iigpb O(1) HALJE.

T s 3 (4—6) Yy ] — 7, wj/M@ﬁ@—ﬂh—Rm+mm)ﬁ¢ﬂ0%§ﬁK
H O ™) 1. g(r) HIfRTE K

[ P Nr-1 ¢
— 1 d
g = T———— h; Z ZMKUN _1_;& + R = H(®) + O(h +e)]
j=0 s=1
' 4-7)
1 Npr—1 m
d
= ———|h ; I; £148(tj_isn) + R — H(t) + O(h? + e)],
/\EP UNT_]_j ﬁ vNT 1 J(zf) E]/JEFV’ N I ) g; = g(t/ +csh')7 E_
P q
£ = Z Z MfuﬁT_l_ja; (4-8)
=1 s=1

J—/~5 Runge-Kutta J7 %:H1 SOE JEIFA 11 O(1) Z50. H T M S IGEIRZE R O(hl), g()
g R

YN (4-9)

Nr
1 -
<l lz hE,(y, + O(hY)) + O(h? + g)] :

=1
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Hifiy, =gt —g | HE = ) &

Jj—k+2=¢
BRWE w = 1, g@) ISR O™ + en®™ ). 4h, R w # 1, WA
O(h® + €). TR BIRIIAE L RSN S 0 — BTG R UCSOR 1, AR ST iRE 2
B PR R B AR i 2 ek P AR Pl 25, B 1R I B 2 I B 5 ) R
Ko, 25t VPMR %509 SOE 2251 Runge-Kutta 7Y (iR 2241 . 1 w = 1 %
FER AN R 2, (BT IR R4 22 R

4.2 JELM Volterra F12
F o —Fh L A, JEZ Volterra JrE,

t

u(t) = a(t) + [ f—=1)g(r,u(r))dr, t >0 (4-10)
0

Hr gz, u()) AH— I AELME R AL, a(z) H— DT MEEL RENEEL u(o) BFIPMESAT
u(0) = uy . JELIE Volterra JyFE(4-10)HE BAEA AP v, AFGIELLA T 2%, HAENE .
HL 2 2103050 7.

FRATVEE 55 A FR o A7 S5 i B[R] AR AR AR Rl AL B 7 3. BB S—m B R K b,
W0 <ty <1ZSE 1ty = noh. 2t <t B, U, 75T X Taylor JEFFH1 2 Wi xCiH
EAGTE f(t— o) Fl gt u(@®). SZATEBRME A RRAMAR, X5 u@) 1 [0,1,] HIEEM
MBS 75 22 H Newton SR AVESE R E SR R K. 1 > 1o W), BEREL f(t — o) HHAE
[0,T] E/ SOE filitt, MM E R HIeR A S Fe SO AN AR et R E B AR AL, FRAT059%
kil Runge-Kutta J5 VAR FFEG R FE, 58— u@) BEEEIE. ERR 1 = Na pgaE
2k Volterra J5 R BTG5 M

P o
ut) M uy =ay + Y M, [r(zf)Y;VT_l + hngT_l] + L (DG = 7,u(t — T)dr. (4-11)
=1
52 B R NS BRI u(t; + c;h) BB L R B AR (A

FHEIATEEZ M Volterra J7 BRI EUE KA TR ZE 4047, A% A% f(2) B [0,10] L/ M [y
J7” X Taylor JEFF f,(2) 5 [0,T] _E/J SOE JBIF foi(t — o) flitt. )& iR ZESEHITE € LA
W. gt —7,ut — 7)) M [0,10] EF) L B Gt — 7, u(t — o) flitt. H [0, T]1 ERH A REL
B F B R R B ) m By AEATE. TR ZE TR

lu(®) —uy| =

T P
Elo + L (f(t —7) — fo (t — T)) g(r,u(r))dr + Z meliK(t) (4-12)
=1

y
+

Ty
E, = L [/ ()8t — 7,u(t = 1) = fy (DGt = 7,u(t - 7)] dr, (4-13)
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H. Egy (6) ARARTE sy 7 s b (i) Runge-Kutta P4 iR 25, E, AT

To
|E, | = L (f (o) = fu(0)g — 7,ult — 7)) + [ ()t — 7,u(t — 7)) = G(t — 7,u(t — 7)))dz
M+1 fo L = iNL—i ‘0
< Coty't L g(z,u(r))dz| + Cyh Z ll0}0 " g(z, u(t))ll L | fpt =) dx
i=0

L
< Colm)™ M iglly, + C1Cy,, b D 1000E ™ gz, u(z))l
i=0

(4-14)
To
Hotc, = L |far(t = )| de B3, Cy 55 C) Rai i, SE5CRIE— TR 12

T
L (f(t=7) = fes(t = D)g(z,u(z))d7| < €llgll, - (4-15)

XF Eg (), FATA WF 2 B Eef A 7 %0
FHE A1 XTI PERREL g(r,u(r)), RN TR n < 0 ¥4 IR Y Lipschitz £
T
lg(z,v1) — g(z,0)| S C() - [vy — vy for vy <m, v <, O< <1 (4-16)

ZE—Nq P p B S < p—1MZAY Runge-Kutta /7%, W& L-Fa @ M2 H. max lsohl < 1.
] Runge-Kutta J7y5/ 7 AR iRE=a LA

t—1,
|Ex @] < G, (Iu“’)(O)I + J ' |u<1’+1>(f)|df> hP. (4-17)
0

3B s TR TIE T [ A T DA SCHRP) v e B 4.1 PR ] BRACSOR A . A
K @-14), @15 RIE-17), MRk

lu(t) — u,] = O(hY + ¢) (4-18)

X AR AT DL — N

4.3 REHISH

527w e S AR R BUE R iR 222, B RS R R IR ZEWYE H S5 VPMR
HYER SOE H7 ki 25 5 Runge-Kutta JyyAMiR2E. T HERFLAIELM: Volterra J5 R, 2%
— AR E], A ATIRZE) AR

TE T FE(4-10) T H

1
Vx+0.5 ,
Fe A A-1) F I R ECRTS a() ME M EFNRREL, XFETT PAERIIE B Ak pR 50 1E 5% B R IE.
B2 2 By Runge-Kutta 7734, MHAARISETAKE ¢t = 1 b RMHXHRZEZ B RR. WE4-
iR, 206, g, W5 RamZn 538nR 20 3, 30 Wi, 50 Wifl 100 Wi SOE F&FF i 5L

fo) = g0x, u(x)) = (u(x) = x)%, u(x) = sin(2x) (4-19)
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BaR. M AT DAR AR/, 1522 T80 Runge-Kutta J7yR5 E, R % il 265
2R H B2 AR A Runge-Kutta J7 iR 80T, KA K I, Runge-Kutta J7{ARIRZEE 48 2 5
/N, AT VPMR VAR T T, S AAEHER LR ZZ AN RS, &St
VPMR SAR)IR2E. F H VPMR FIRRERZEHUN, il Al S i 00 f/ MR . X 53K
MZ AEETH R E DY) &, WEGIH AT DAL, %8 — ks s, (AR
R X B AT RR AR R A T Newton b AU, FEMFAIZ AL AR h &= A iR 2 R,
24 Newton IEAIAIRETLABSE N &

1072E
10°}
S
o10°k
1 S
w -5
2T /
Wael & A-A I A’ﬁ’
310 3 @/
oc B s
107 o008
g / —+H&H— 20 terms
5 / — /A~ - 30terms
10%L (%] —--O—-- 50terms
g G\@,/ — -©— - 100 terms
1-9’ RETETIY! SR ATRETT BT S |
0%0° 10" 10° 107 10"
Step size

Pl 4-1 RIS ECF A AR BRI Z I 3E &
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FLE SERESHIER

ARTE TR — 044 S P i 78 e (Fast Gauss Transform, FGT) 5%, I+ VPMR
TR 1) SOG 7E FGT Sk .

L AR L AR, AR AN R VF 2 Bl U AT S22 3, B dE oy 7 %
FORCIEAR . R T, BLAS A > FIRCH A2 00T RN i A5y el s i i A — A )
Z VTR TR, H i P A ) Y B 35 44 TR O(N ) S FE i Pl 2 ) 153 (Fast
Multipole Method, FMM). FMM 2. 5 47] 4& i L. Greengard #1 V.Rokhlin YEf [ BA5E %
JRAEAHY, A FASIIEREE b, A% s B e R S5 s A oy 27 U727 FMML i 0 e
T EREA R LB Z i e 2, X% SR BCIEAT @& 0L (B i R 5 B
PHEER XS T —BE I A% PR ETE L PR PR ARy, VR — LB, S sk
HREG FMM B3R RRIR NS O, FGT 535, FIH—1NRATFRA Hermite s EIE T2
W FURERIETF, AT T 28 R A% SR TR o 3722 4ok T s o 0 A 57 B 1) v JE A 5%
P, BPPIAS AT AR AR R B e Ty 9. I HLH H BB AL PR 0 95 R RO — KR A R R B
THZ M. SRR, B BN EAE—FMEIERT . S5 A% RO 5 Bl S8 T4 i s = B
A, I X TF 20 2% pR B 8 (P e B RS 45 1) 0B, RO TR Z—Fh
AT EEESCH S5 RN B2 1) M SRR SRy TRI T A 2 T it 4 1 22 T P v 72 0 AR - i e
TiX—@. 5 FGT Ak, SBEEMECEILTAHE, I BT DAL BE— Bt A% i 4k

51 RESHER

B N AR M A HARSIRSE. VAT F A 500 5 2 )
HRE BRI AU LAT 5, FLA— AR BR AL, DT FL AR 3y AR A B2 1 35
FAI

N

—lx:—v:112/h?
i=1

Horb {x; ) MRS, ¢ AU R AT . ARA XA R BT R, BARE R
BER OMN). HF M Rl N (8RS, STIEE ON?), ISPy RBE. A
P OB T2 . FGT M Lk A4 O(M + N) fiftde 13— f 7). 50— [ 03 5
SAES> TR (U Monte Carlo J53K, 73 T8 J=£ 07 1k5F) s ZEALBL.

T FGT Bkl /o1& Hermite 2050, HE Ll

H,(y) = (—D"eyzj_ynn(e_yz)’ yER (5-2)

BUNET LA Hermite 25500

Hy(y) =1

H(y) =2y

Hy(y) = 4y* -2
Hy(y) =8y’ — 12y

(5-3)
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RiE S HFIE %

HH Hermite Z2 XU & L PA K Taylor JEFF A DATS- 5
2yx—x2 _ < xn
e = ,126 EH”(y)
AR5 AP AT T e A
—=x)? _ s x_" _2
eV = ngo n!H,,(y)e Y

HT AT PAZE H— A E X

FY 51 X hy(x)
h(x) = e H,(y)

MR TR e T B x 1) Ao RIS
(y—X)2
—Z% 0y, X220

XA EITFRZ ) Hermite JETF. RUMHEA & y ITH

_u-0? 1 y— yo X =¥
2 = "h
e nZ—O ( )'h,( 7 )

XA JEFFFRZ A Taylor &ITF.

(5-4)

(5-5)

(5-6)

(5-7)

(5-8)

SE S LI T IR H AR Z 8 5 s BN T T 3K BRIEZ S by, (v) A5 Hermite 2210 2CZEALU)

e,
hn+1(y) = 2yhn(y) - 2nhn_1(y), yER

(5-9)

N TR LERE, 5] AZ 4R (Multi-index) KECE RITH. H B4~ d 4 x =

(X1, X9, =+, xg) H—A> d YEZHEFENT a = (ay, ap, -+, ay), HH ap, ay, -

a Z A Z 4R ARIZ A
al=alay! - a,!
la| =a; +ay+ -+«

n

d® 0% %2 0%
@ Soa L m S,
dx 0x," 0x, 0x,,

M5 R 2 EFEARA E X, T35 2 E 4545 Hermite 2 XAy X

EN 5.2

ha) = eI H, () = By 1), (1) o, (00)
— b, Hermite EJTH Taylor &I E N
_u=0?

Sy _( —hxo)aha(y—hx())

a0

_ Z 1 y yo)“ha(x_yo)

|a|>0 h

2 24 T 3 50 T

Jag NEHIZE L x 5

(5-10)
(5-11)
(5-12)

(5-13)

(5-14)

(5-15)

(5-16)
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FEAS BN PR H AR R AR, R U BTAE 25 18] 70 B 32 23 AR HAD ST BIeA A O Y
At FIE R R (BRI A H AR R FrER Rt ZJEAE A G-15)FI(G-16) 1) xo 5
Yo LB HOLARER, AT R & L

EX 53 X RBTIRIT, X S-RITH

]
203y = Y, - (* % jop, L (5-17)
|a|>0
L REIFH 1
D(y,x;) = |ﬂlzmﬁhﬁ( )(y _hx"‘ ) (5-18)
ool FRZEN P 1AL S AT
o ) _
FERR, M a,x,x) = %(x’—hxﬁ“, Sev = xb) = hy(E2Z6), by(xxl) =
% e AR 1) SR AR, AT R (
T rﬁaﬁ;&u f 2 %‘“ﬁz\ﬁt/\m‘%%ﬂﬁn 55 1 AR P AT 8
Py = Y q@>.x)
x;€1(l)
= D a4l D aa(xi xSy (v = x0)] (5-19)

x;€1(1) |a]>0

= Z[ Z 4 (X, XL)]S o (v — xL)

la|>0 x;€I(l)
MG an 5| 278,
S 51 @) A SR,

@'(y)= Y ALh,

|a|>0

(5-20)

1 I
Hopr Al = — ) qia,0x;,x0),
“x,€l()

15 BS. U] Ay FGT Bk ot st BT e B,
T 5.1 @'(y) 4 SRJETT,

o)=Y cnde (5-21)

181>0

ooy = 5 LY Al 1)'“'ha+ﬁ( X (A AR L AR, X R AL

|| >0

JITAE WA B H L AR AR
EBR %JE h,(y) T A vy € R? [ Taylor JEIT,

—v)P
=Y < o O DPhy) (5-22)
181=0
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hy(y) = (=1)* DM’ (5-23)
it
DPhy(y) = (=1 hyy 5(3) (5-24)
RAZ Taylor JEIFA7
e 0=
ha@) = Y, == (=1 hy5(30) (5-25)
|81>0 A
MRS 5.1 5 AR G-25%
@'(y)= ) Abh,
|a|>0
= 1) R X¢ = X
= ) ALl )”ha ( )]
. ” ” (5-26)
-X -X
o Z ) O

Iﬂl>0 ﬁ la|>0

Z Clm(y x

18120

Sebrit i, AGE-26) T PEICA IRANRI ], SEIEREN], BUNKEBIT (A o] < 4)
SR AR B — R A RS . B FGT RGP IRANY : FERRS-1, miti e T

Bk 5-1 Pudi s irAE i FGT

WA B ARARAEET {x;), FARAARBRAE S () SR R4 =X
Wt AR 4><y,»)
AR LA
2 I ﬁ—( 1)'“'ha+ﬁ( ). Ya, p.1m:
3 it Cps
4 for Vy;, I do
\ ! _ Im y_xzn p.
5 L fr%cb(y»—véocﬁ (——=

6 W oG) =) &' ()
I}

Ai%ﬁ0@“Li%ﬁ%%ﬂ%ﬁ%ﬁ§ﬁﬁ$?bﬁ%N)Mﬁ%ﬁﬁ%%ﬁ%ﬁ%
OM + N) ~ O(N).

HSEPr_ b RIT IR 5 2 4ERa bR B, FGT HRER T35 ek Ok i s XY 15
. HRZE IR, BT 58 A SR AU SICHE A SRR GG A 3-8 X B AR %
Kﬁﬁ%ﬁ%Tﬁﬁ%ﬁ@ﬁ PR A VPMR 5955 FGT MREIEMERT, il i

BRI A% R RO A TR 9 e S0 B BN AR AL, AT P ek S 2 BE Y SR A ey S R
AT A, I LR Hoy SE T i o, SRAT S AU SO 2.
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52 BEHf8IR A
HT FGT MRtttk i, P 5T SOG Myt S nl AGEA] Pk FGT fifgke. AF7F5 A ] FGT
mwgﬁ‘ﬁﬁﬂﬁﬁm$MWﬁﬁf

BEECH f(x) ~ feq<x>2e " IR A (5-26)4

2
f)=Y e 1t

k=1
=YY ey

k=1 {6]>0 hy

p (5-27)
_ 1 Ik la| ¢ Y=Xd 4
D D YTt Lt et 70

g;%%ﬁwgo Oy hy

Z [+ 3 - 1>'“'a'2[ha+,,( EEY R e

BI1>0 p! la|>0 hy h x, €l

m

TR BTV P i (LA Z[haH;( ) TORLAR S L5
k

MITRRFEAR T I8 L. AE Fﬁjﬁ%*QAﬁTiﬁﬁﬂﬁ*ﬁfiﬁWﬂ%Eﬂ‘ B, DA B &
Z GRS S R R A A

53 RESH

st SR FOT 522 A AT AT, oA 3850 Greengard 763
BRI T U S A ST PR B A I T B, AT S5
ST TSR, R ST R, R A BRI SR AR B S
i

B A SR S—2T) A 2 2 T MO B B, 1 DA RA B O ) FGT . gkt
KRBT 2 VPMR B 5] SOG IELFEMIRE, R FGT HkFirbmAyig
%, HISCIFHES ) Runge-Kutta 77 15 VPMR BLvEHE AT 0L 50, 7 VPMR S35 FGT
PR A R R Pk Y FGT i3k L 2

x=y)

B IR RO FGT M2, sl ¢ 7, B G-26) OB IRk

p.- X
p—1 .
(i) = 3, (S, (B (5-28)

n;=0 1

[o0]

i 1 yl Cin, X;p— ¢

Up(xis Vin €)= D (o) "y (S (5-29)
A_p l

iz% i :J:Elk‘/f—%%—/l\zﬁg ﬁ%lf\/\ 3 g&?\éﬁﬁﬁjs EI] X = (xl’xZ’x?))sy = ()’1’ y27 y3) ﬁ

3

I]:u +0h) (5-30)

—||x yu2
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(xi—)’i)z

TR, WA= 2, WA

A, =+ 1), (5-31)
LiRZEN E N
—llx—l?
E=le » - u},uﬁu;
= |(uy + v + V)W) + v3) — Uy (5-32)
= |U},U§U§, — UIIJUIZ,A3 - UIIJUE’,AZ — vlz)vf,Al + U})AZA3 + Ulz,AlA_o, + va1A2|
i 1
e <A <1, 0<v,<1 (5-33)
ND]
1
E < v},u%vf, + Ull, + UIZ, + Uf, - e_h_z(vll,vz + v},vf, + v%vf,)
1 (5-34)
<({1- 3e_h_2)v},vlz,vz + U}, + vi + U13,
TR RN of 1A
o 1 y—c X, —c
i 1 Yi—c,, i —Ci
= X i e )
n=p 1
- 1 r aatize [l x = ¢
< —(==)4272 y[—h
_Z_ni!(2h) p! ol h )
ni—p
_ © T (5-35)
-2 /1 X; — € . _ ~5 055 4
<272 _'hp(%) Z i (21) O.25ni 27035 57
P ni=p
¢, I
<278 S ()0 L
p''? h 1-r,
<TK

\
/)

b "
HIT =272 \/pI max h,(x), K = Qzp) 0P —L— r = r\/%, Hor R RIR ML, I

'1o.1 1—-r/
o »
BAXG-35 M3 T Stitling A5 — 3L, BIXf Ve >pxeRE

h(0) <277 \/Z:h,,(m (5-36)
p!

BT LR 2E RS TE h V)R ER. B 45 SR VPMR SBEXTT FGT Bk &
AT DA R N R 2.

M T FGT A 5 BA — L g iy JR R, Bl an s 42 ™ S A 4ERETH T, POAS R %
AREA S, RIS VPMR BYAR & 2 5t ok Mok L6 08 FGT H HiA 142 Btk il
A%, QET DA 35 S RS 1 e s 4045 4 (Improved Fast Gauss Transform, IEGT)3?), 454
W45 FGT FL¥: (Tree-FGT)® 25 ool —J7 iy — A~ &7 171 B WK VPMR S
X L ) FGT fEE A
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RiE S HFIE %

FRE BEEH

AT AT OISR ELAT 32GB 1477, 2.50GHz ff) Intel T™ H5.L AbFRR G A~ A TS I
HEFTHY. TS50 MATLAB2019a. FIFA T B 4 AR AER 74T,

6.1 =HHTFIRFF

A, Jo 14 B A AR L) VPMR S50 464 5 H ARSI B SOG fii gt
fig. LR AR 1 R R B e VPMR SEVRROTERE. B 1154 FAT /N S 07
BB fyns S VAL g EWald 3 ZEREC fyq A Matérn B8 fs S

o) = e, 6-1)
1
Simg(X) = , (6-2)
! V12 +x2
Fong() = erfiax)’ 6-3)
(V2vIx])'K,(V2v|x])
Smat(X) = \/—V|zl\/—lr(v\)/—‘/|x| > (6-4)

Hor erf(x) = (2/\/Z)J exp(—u?)du JiRZEREL K, J v i —REIER L SE/RE %, T
Gamma BEL HELFIREH A = 0.1, a = 1 Al v = 2. Fel IRERE], B o BRI — b
BRI MR R R B, TV 2 R R A TR I A485) Bwald 40 244% 6 B0 520k
{5 4 1 M AR R ) Bwald sRAIEEVE iy KRR,

1_ erf(ax) + erfc(ax)

(6-5)

X X X

H TS, HPTSEHAE Fourier 25 [l AL, B4 a Hid T kL4210 1515038 &
J&, Matérn B R B2 — 8 I B 308 U A m B R 40, % VR A g S0 R 1
TR K SE v SRR B R fue(0) = LV i HAE v K
BF, fomar (%) TE B = O W] ) P o

HIEARFEIEL P 5 SOG e A P iR ZE K &R 4 T i SOG @ik, FlTE X
_ max {|f,(x) = fGp)li=1,-, M}
C max{fGpli=1, M)}

Hrp f,00) J SOG J&FF, p = 2n HiX MBI A Zid MR BOARMHL. (x; i =1, -, M} HIX[H]
[0, 1] PUAYEURE &S X FLEL M = 1000. Z%iR2E 0] ABRERRES: L™ JEERS .
RZEELIGEER 617K, FE a Py T BE RN T, R2E 5T R X R,
B n, = (4], BURNETERE SR 5, ~ V8. TE b PG TRETECR, 592555
/N TEZ B R, S p = 10000. FlE & H Gauss, IMQ, Ewald 1 Matern 435I X &
TR foaus L UAZBEEL fimg, Ewald 732U R fowq F11 Matérn B RE frnae WV
gifn, g, EADAOKAIZ. TR a PRATWEE], XTI AR SOG il
HA R REE, IF BACSGE BE2 AER B . AR RIS A —8 A I R 3k

(6-6)

€

[o0]

2529 11 4t 50 T



- > 4 X
\ YEXAAE

SHANGHAI JIAO TONG UNIVERSITY 'ﬁﬁﬁﬂﬁ*ﬂgiﬁ
=

FIFRRL. X B S R s AU I 92 b = 0.1, (HZ4d SOG ALY I s; > h, HCSR
OUREF. RIS T — AR 98 w5 S /Nl SE = (5 S i . XA S A A 3
o EEE S MAE T b PR B TR T s EO Matérn A% pREL 24 fie/ Vi SR AR,
TETTRORG R E P . SR, 3 AN I A REHY SOG JT LIP3k fie /DN i A A2 A AN UK,
PUA BN S i R &, i ELA B s ) iy o AR /. AT IR 225 fre/ Nty i
BRI KRR, EE2 5 R A K.

107 —FH— Gauss
- A~ - IMQ
3 —-=O—-- Ewald

107 —-—0—-- Matern
10°-

—

o

=7

w107

10°1

10"+

13 A
10101

Pel 6-1 BR7% e, S HUBORR/MIFRERRI G 2

LR, BRSNS & ARZER VM XK. G UERIE SOG JEFF fe/Mii v
AR BB/ PR . K62 7R T SOG 1 REU I RAERHME wimax = max{|w;], j =
0,1, ,p— 1} HEE/NEFTE s, ZIRIMK R, T a F1 b 435 B E WL p = 20 F1 40, £,
B, DA IS BIRIR F TR fgans [ UAZRR R fimg Ewald 73 2% R %L
Sewa 1 Matérn % BREL [ FIEEAR. WNEI6-21F B 1 LB T DAE th, e R RE 4 XM E 2
b5 H1 T SOG I {BhAY TP G T 3§ hn. 10 e/ Ively it 28 e R A RHE T I S 1 52 1)
PR T ELRIE 2 s W R KRR, T 5 RO A L 1522 T 3 Bt g 2k
W AR T 206 THAGAE T8 — DR R 98 2 i9a REFE (W 300 £i7), MRS RA
I RSB R ZE S5 . RITAE SE R B A o MR SR 2+ 43 h B2, PR AR Ja i gcE 2
H1 double WUk FE £ A5 A4 (8 7] DAPRAF TR B JEZEaA S5 78 MR SR SRR

TR~ VPMR B35 55/ 3 (Least square method, LSM) [ 8¢, 1 LSM, F¢
AT 58 A TE AL A M R T S G AR MR BRI AL, DSOS AR FE A, TnEl6-3 577K, 1Y
BT o R T A% R Ak foaws _IRAZBEEL fimg> Ewald SRR fowa 1 Matérn £
BT fnae B9 VPMR SEEERAN LSM ME5R, & ok x € [0,1]. Hk e, W, 4.6
DA B 55 (5 il 2k 43 351 A% 200 T VPMR F3A%5 R, 800 1T VPMR k4521, 200 3 LSM 4521
55 800 11 LSM 554 WX T Wl—FiiZ k4L, VPMR SEH R T AR s 4551, R2est
ATPABE] 1077, #2200 I VPMR FIEEER AR REE R T 800 I0 LSM SRS, T
LSM BERRMN B R R L0458, 545 RS, AR RATH 98 LSM (R4 I IX ), Hiz
S AW 32 1.

G E MR £ RYE VPMR A E. B VP A1) SOG ATt 2t R %L
HRARITURE RS 2 08, ok EEN AR EEE TR TR MR X VP
ALK A B RO RE ). ANRA%6-15 RAK6-2F7R, BN M T fing 5 fma100 I

2 30 71 3t 50 7



YERARY

SHANGHAI JIAO TONG UNIVERSITY '&E%ﬂﬁ*ﬂgiﬁ
i 20 Rl
I p= —H8— Gauss F =40 —F&— Gauss
- /- - IMQ 3 - A- - IMQ
[ —-——-- Ewald 3 —-—0—-- Ewald
F —-=O—-- Matern 1025? —-=O—-- Matern
£ f £
2 > r
[ 3 [ 3
; 10 ; B
10 F
S F A E10*}
3 I N _ e 3 F
E I g3=* - E |
¢>\§ i &} e"/o ﬁ I
= 10°F ® 7 =,
E \._\ ./@ 10
N ® P E
- \'4\‘49./" -
108(‘a‘)wl‘”‘|HH|HH|HH 1022(‘b‘)wlwwll;\"ew"gl‘”‘lww
0 05 1 15 2 25 0 05 1 15 2 2.5
Minimal bandwidth Minimal bandwidth
3 =} =} JHE LI »
Pl 6-2 FRBOMIR KEE w0 FIR/DAFE 5, ZIIE R
10k Gauss p=200 VP 10k IMQ p=200 VP
——————— p=800 VP —.—-—-~ p=800 VP
— —— - p=200LSM — ——~ p=200LSM
10'1 L ——— - p=800 LSM 10'1 L ——— - p=800 LSM
ATNATN, pon L
. ST A YT
10 10°F \f ’uw”‘} T. -‘ W \,\'
— S \ |
210° , S10%f
1] ] i 1]
107} i
1
|
-9
N T{‘!r.‘,“'“llﬁvr""“""’\!’\"""‘/ \
. o VY RY ’,‘ aVaYs
wrp TR
@., o
0.2 0.4 0.6 0.8 1
x
10 Ewald p=200 VP 10k Matern p=200 VP
——————— p=800 VP p=800 VP
— —— - p=200LSM — - p=200LSM
———— - p=800 LSM 10| ———— - p=800 LSM

I R R W WAL ‘I\
W e
F T VARV Y, Yy

i K*N,»?Y.ﬁli‘ I {ﬁ(.,%/'i,\,{! 10:3

=

{ S 10°f
| o P o"‘ft ST,
107 ) W 5 '\{f’\‘;’t (‘Y 1
il '
10°[hi | FYET R,
LN --
1] | it
@
0.2 0.4 0.6 0.8 1
X

Pel 6-3 DUFNASFIBX Ry VPMR S50 55 LSM &5 R L4
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RiE S HFIE %

SOG BB EFr 4558, et T B3] 100 I CREEFHETE), 90 T, 70 3, 50 T, 30 JiDA K 10
TP R P B B A AL B KA. (s B/ TG 5, ARLBEBT G T AR IR ZE €. MEERHITT
AR AT T B 2 5, Pk R M B R W e, T e/ Vi S 28 AR BEAS
K. X G FNENEET RS20 I BN R IR ZE A I AT DATE I By ISR/ N s,
A PAGRAFAR G, BN fimg PTLARERT 2 70 STACR B A AG BE, ZYTRIRZYH 30%. T frna £
AT AR E] 30 WHErT DAPR B R ARG, AT ERIR BN T 70%. Sibr AR M 2OR 5 iR AL
PEA YRR, BTG Fr R, BRI B 5 ] AR M AR 2t R XA, ARIES/ D
LA KRAR A, TS8R TRAN VP AT R et AR B AL ) i) . Hy st m] DATIERA
MR $: AR7E VPMR Bk B T ROR. TE22S05 i () VPMR B35 1) 25 540 2
PRUEIRZEAZ ) B L2 TR A R

% 6-1 fin,q100 Jii SOG BRI R 4R

P T g Winax Sq €
100 5.96e+468 0.361 2.36e-6
90 37.5 0.201 2.36e-6
70 13.7 0.346 2.66e-6
50 6.90 0.363 2.34e-5
30 2.31 0.421 1.87e-4
10 2.31 0.665 1.03e-2

K 6-2 £,,,100 Bi SOG IRy BERYEE R 45 1

PR TIEK g Dinax Sq €oo
100 5.70e+-64 0.361 3.87e-6
90 0.335 0.131 3.87e-6
70 0.467 0.122 3.88e-6
50 0.309 0.113 3.89e-6
30 0.246 0.116 5.68e-6
10 0.274 0.153 1.84e-5

6.2 IBHFIRFF

TEATTH, AL I BMESE AR U] VPMR S350 F A ARk % SOE it igtkfe. 5.E
IR, AT R DU RN R (% R R T S5 0 . Matérn R pR % RA%REL, Ewald 732
PR EA Helmholtz % pR % 25— Fh 55 MR B E 42T £ N4, TNngHRmR
R AL

BB R RAZ R f () = x* REA R, e AT 2R A . R
BB 1R 538 Laplace 284yt

xa—l — 1—,(11 ) J e—e'x+(1—a)tdt‘ (6—7)
-

-0
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AR O-DHFER G 7= T — A BN B EUL T %R 138 —4 SOE. B #m iy
1t SOE A nT PATEF 24 52 BOARE E, (R S B9 R T4 il BR ) T SCBR W (. 1 Helmholtz 4%
PRAUZ K BT Helmholtz J5 FE1Y) Green Rk, B HAMMIBEGER. £ M =4 K5
5., Helmholtz #4330

ikx

i e
4zx’

4

fan) = 2 H P (kx),  fyp(x) = (6-8)

Horpr B %524 Hankel B%. 2 3401 Helmholtz 5 AR M I BUER R AR, B R BAK &
E B, Helmholtz 4% 5 BHR s, 1 T3 4 19, Helmholtz 4% B a2 i A — A4k
() SOE JIE{bL 1l bl .

NP7 R 1 U R R BB AR [ 280 F 7 VPMR 5119 SOE 45 . 714 abed
Sy BIFER T Matérn BBR%L, TR BA%K, Ewald 4320156 $0F1 Helmholtz 42 s B0 Z5 . —Fl
TR RES ML AEERAGLRSE. TE a b6, SaMLam%s N5
Matérn %L v = 1.0,2.0 5 4.0 (L5, T b i fa, S (MIZT (o 250 3R R 5L
a=0.1,0.5 5 0.9 (LR, Tl c Pk, SeRIL e L s M7 Bwald 48200 5 08
HARAEECH 1.0,2.0 5 4.0 (U45H. FE d Pk 55 624 1757 Helmholtz A%s%
YRR S =R R FROSER. AT DA IE o g B W2 TTURCH B, T A% R 0 ST 12 4
TEBUN, HIEE BRI RE. TR [ B AR SRR [, LSS B th 2 A ) e
R

63 EFRRH

AR RSB AUS ER R BB 6% R R R .
K G- B R BN E IR £(0) = o=, BRRECHIEZEE g(0) = sine, iHE%
R

b=
y(@) :J e 4 sintdr. (6-9)
0

TEAL IR IE I, AR SCIAK” ELSRR” 5F 1 T H& Y. Gauss-Kronrod ${E AR 43 F 5 31 i) 4
XRZEAR R 107 ORE . Fks6-3 PR TR R K RAER ] ¢ = 1,4, 10 B4t
2 S5, SR SOE 2400 € = 8.1e— 14, n/(2n— 1) = 1/8, Ti¥hy P = 20. MFEHgH
AT DA IE G . FE1522 VRO TE R A, AT DAACR I B9 4 B, X5 R4 4 B Runge-Kutta
I35 BB VPMR BIERIRE AR MR EA. it sk SR 2SR S B ]
HIERS AR, SR — NIRRT, E6-SNIJER T CPU WHAS R, MK H T AF thi%
BRI A A 2R B R S, L IO O SR B R, BGRB8 4,
ST, G E ST 54 IFR T IR K 0.05,0.01 5 0.005 BSEH. 335 T A1 64 ]
ST A TR S T — 8 I FLRB AR R 61525 3 (K g Runge-Kutta )42 48, ik
VPMR Bk, fRZAR2ET DAAE] 10713 $okh g, ik il b moks B i .

% S AT SR BT, SR BN R f (1) = o7, HP 0 <a < 1, BRIRM
NARILRREL g(7) = cos 7. XANEFF AR Riemann-Liouville 43§43, i Stk

t
(1) = ﬁ L(t —0)* cosrdr (6-10)
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10° 10°
Q —=0—-- v=1.0
5 \ - A - v=20
10°F \ —B— v=40
£ £
5 3
©107 ]
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= =
10"
10" 10" ®)

P ATI SUATEN VAVENRTEN BRI AVAVAVATE SRR W
0 100 200 300 400 500 600
P

10 10°
5 : 10" ;— —A—— 2-dimension
107 F —-—O—-- 3-dimension
10°E ¢

Maximum error
=
%

T
Maximum error
S
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10°L
10°® 3
10°F
10° E 10 i
F | E ®
10[ (© nk (d) >
1 0' co v 1 0' TR T NS SN IS SR ST |
0 100 200 300 400 0 200 400 600 800 1000
P P

Pl 6-4 PUBNAFIEL BRETEAI S 5L B Y SOE £

Horp A SO e G AR A TR i

21—0: o . 2
¥1) = - \/EIM H(l,[%(l+a),l+%a],—tz>, 6-11)
ar (5)1(%)
oo (g} (5,12 0) ) SURUATER AL, 52 X
0,
i (ai) 2
A((a ) 102 Z % <%> (6-12)
=\ O AN

Horp oy il 0y AW IEREEL, () = (- + £)/I(-) 24 Pochhammer £§+5. ¥£ SOE fliifHr, 43
SIS % n/2n — 1) = 0.15,02 55 a = 0.1,0.5,0.9. W%k P = 640, {#iF SOE =& H7E
~ 1070, AR G-25), BEBDWAEN 1 5 L. SXBXE 1, RAEHER, tF 1, RA
VU Lobatto INIC Jy¥%. F£Ago—4Hiin TAFEHEZPAK 5 o FHERE] ¢ = 1,4, 8 A4axt
RZE SRS, FrA SR SR i st SRS T—3. 7EP KR 0.025 BRI AT IA
B 1077 ZE A7 HRG B, AT DAVE B 00 ks R A .

T, BRRR B E N R BAE A TR 2RI IEL P RS ms , SCilih 2 &
XHE [ SOE JrykdbAT 7RSS 112 dlws, RGBT SRR S 8 ~ 9 fiA T
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#¢ 6-3 R T ANFIWEI] 1 R 2 R (6-9) By A i B2 0% LW BB

LRna =1 B =4 B =10 KK
0.5 6.60e — 5 - 3.47e -5 - 4.08¢e -5 -
0.25 449¢—-6 388 33le—6 339 353e—-6 3.53
0.1 1.19e—=7 393 1.03e—-7 3.62 1.06e—7 3.70
0.05 746e—-9 395 6.79%-9 371 690e-9 3.77

0.025 4.68¢—10 396 436e—10 3.77 4.4le—10 3.82
0.01 120e—-11 397 1.14e—11 3.82 1.15e—11 3.86

0.005 7.21e—13 398 696e—13 385 7.10e—13 3.88

0.01

0.008

0.006

CPU Time

0.004

0.002

Pl 6-5 Al S5 FTFER CPU [

(iR, (HBORHEECN ~ 10°, SRR T Runge-Kutta J7 iSRS BE. A3 —HE KT
b, VPMR SRR ORI D, I L F7 S al 4%, [ Runge-Kutta 7575 2 BA B AP 7
B FATEREF], WRFIAF AR, B0 Ewald 23245 R, 31 53 SOE FEAH TR
oy, GBI FRHAS 2 et

64 ERRAHE
AT AT AR @ DRI S BB R 6565 IR A S 3 1. U
BO R 1

t 2

Vr _a=?
80+ 20+ £0] ~ cos() = L gy, (6-13)
N q:l
71 = [erf (%(r - 21')) +erf (%(: + 21'))] cos(t), (6-14)
£5(t) = [—erﬁ (1 - g) _ erfi <1 + g) + Zerﬁ(l)] sin(), (6-15)

X erf(-) 5 erfi(-) 43 AR N R 22 BRAC S 1R 22 R AR RETS. BRI FR(6-13) R H 3 g() =
cost. BB F K A 1 Runge-Kutta 75545~ VU R Lobatto IIIC J5¥£. SOE 5% € = 8.1e—
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A% 6-4 AN ¢ AN o F R RG-10)03 2% Sl

a« HFRKh t=1 g =4 Btk =8 ik

0.25 4.11e -5 - 4.11e -5 - 7.97e -5 -
0.1 4.6le—6 3.64 1.73¢e—6 345 3.04e—6 3.57
0.0625 7.80e—=7 3.69 3.10e—7 352 529e-7 3.62

01 0.05 332e—-7 371 135 -7 355 228e—-7 3.64
0.025 225¢e—-8 376 9.62¢—9 3.63 1.58¢—-8 3.70
0.25 4.22e -5 - 1.02e =5 - 24le-5 -
0.1 140e—-6 372 395 -7 355 8206e—-7 3.68
0.5 0.0625 23le—7 376 6.85% -8 3.61 139 -7 3.72
0.05 975¢e—-8 377 294e—-8 3.63 592¢e—-8 3.73
0.025 6.55e—9 381 240e—9 3.63 434e—-9 3.74
0.25 5.54e -6 - 1.55e -6 - 3.74e -6 -
0.1 1.69e—7 381 482¢—-8 378 1.09¢e—7 3.86
0.9 0.0625 272¢e—8 384 7.49¢-9 384 1.58¢—8 3.94

0.05 1.14e—8 3.84 294e—-9 389 54le—9 4.06
0.025 8.88¢—10 3.80 196e—10 390 147¢—-9 341

14, n/(2n = 1) = 1/8 5 P =20. SLEEIRMFERKO-STR. WERETRKE, RENH 4 B,
HEATWBLEHE SR E 8. HEZRELEFAVDN, W T iRER i mE .

%6 65 M T AFIWFI] 1 R 2 R (6-13) ™ A il Aot B2 7 S W S

PKhn =1 g t=4 e t=8 g5
01 325%-6 - 147e-5 — 17le—-4 -
005 217¢e—7 391 950e—7 395 1.12¢—5 3.94
0025 14le—8 392 6.16e—8 395 727e—7 3.94
001 373¢—10 394 162e—-9 396 192¢—8 3.95
0.005 235¢—11 395 1.02e—10 396 12le—9 3.96
0.0025 1.7le—12 3.92 6.86e—12 395 827e—11 3.94

FE IR R BRI, % B AA A %1 Abel 77

3g)+ H(t) = J t—1)"%g(r)dr, (6-16)
0

HA AR H@) S FHREE g(v) = cost, MIMJE Abel HFEH B R4 7% K%L SOE fr
KHABIMSECH e =1.4e —8,n/(2n— 1) = 0.2 Fl P = 600. FHHIHH « = 0.5. 2HLRUNFE
MO6-6fr7. [RIFEHD, IRZEWCSTH 4, HHEIETHE AR,
e Ja— R TEARLNE Volterra B3 7 . [RIREHIAR 73 A% R A5 A S DU FH 47 515
L EE R 1L B B AT T i S BRR o 22 W 2 1y 2 R 90, I
u*(z)
1+ 2u2(7) + 2u*(7) ’

t
ut) =1+ J (t—1) @ —t+1)e " (6-17)
0
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#& 66 R T ANIWF ] 1 R A2 R(6-16) 7™ Az il Attt B2 22 S Wi S

SR =2 Bfe =6 Bift =10 i
0025 2.60e—8 - 980e-6 — 395%¢-7 —
001  113e—8 3.74 425¢-8 374 17le—7 3.74

0.00625 147¢—-9 4.14 520e—-9 424 197¢—8 4.33
0.005 530e—10 425 190e—-9 430 6.80e—9 4.33

HRRO-1TTE t = 10 [FARSEHfR N u(10) = 1.2599558233718%% Fk411H VPMR &yt r = 10
(OB AR. IR EUR 4 By, SOB (B H0CN € = 10712, n /(20 — 1) = 2.25 Fil P = 170. 41k
RIEF LB HIE 10712 DAN. FAR6-TIR T 45025, ULy AR AH I Y CPU I}
[E). [FAIFRIRAHT, BUEEG SR TR YRS, T ARk A A R R 25 R
[l 24 B, CPU BRI I T et ig K, X FIH IR UL R B M fe.

#& 67 Kt Volterra JjFL(6-17)eaxtin s, W
S UL B AR R CPU It ]

PRh o RE B CPU ]
1.25 5.76e -2 - 1.0e — 4
1 2.65¢ -2 3.48 1.2e -4
0.625 39le-3 3.88 1.8e —4
0.5 1.44e -3 4.02 27e -4
025 4.64e-5 4.43 4.7e -4
0.0625 2.48e—-7 4.12 1.3e -3
0.05 1.43e =7 4.01 1.8e -3
0.01 190e-10 4.05 7.4e -3

55 ZPPAELNE Volterra Jr R RGILZ2A — a7 R R AL, Gl HTE TR EIE
IS gy , .
u(t) = _J Mdr. (6-18)
0 \at-1)
FitE AR, RHASE 1, =0.05, ¢ = 1.40e — 8, n./(2n — 1) = 0.4 i1 P = 640, FH{EEH
4 [ FUSEARA KA h = 0.0001 HEARCMEAR AR, A3k AR A i iR e e 10710 A
. FA6-8L5 I TRUEE R, T WIS AP HITE 4 Br, RBLHBAFH RS

6.5 ZERERHEIR
AFHIRTT VPMR BT FGT BIRmfE M. e R BB MRS s B A A
SR HAS TR Matérn B RTEAE 2 EHGEE AR, BRI REE S SOG JEF I
BT Hrp A R N
max @, (x;) — (x;)|

= 6-19
e max_ 0] =19
i=1,.N
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#¢ 6-8 Kfiit Volterra JjF(6-18)Myduxdist 2z Sk by

LRkh =2 B =6 B =10 [
0.025 3.33e-8 - 1.31e -7 - 7.39¢ — 8 -

0.0125 2.00e—-9 4.06 839%—-9 397 414e—-9 4.16
0.01 878e—10 397 3.63e—9 392 174e—9 4.09

0.00625 1.84e—10 3.75 6.75¢—-10 3.80 1.72¢e—10 4.37
0.005 1.33e—10 343 434e—10 355 1.04e—10 4.08

Horp N AGE AAR GBI AR ARt AE 4R AT T BEALAE B H A 5
WmEe-6R, HATMIAT v =105 1.5 &/MFSih 15 4 Bgol. #e, 26, ®WOefsE
OLRNZFOR T IR RS BBOT. T ey M SEA R, HAN AR E 4 x4 5
3x3, RN/ N 15 4. i AER], JoieWl— RS R, RN EE A i,
FETCARE] 100 TG, 228 AT PABIESAAINHRZE AR KT 107, FLE SR 2 T A )
1077, I ELECFO A% 43 BB BRI 50— FL B0 AT DA FE /AR Hh 22 o Bt s s 6 B L 45 ks
JE, v n i, WSO BT AR I R L

10"
- {1 - v=1,nc=1
2. —A— v=1,n_=[n/4]
107~ v=15,n =1
° - ’ —-=0—-- v=1.5,n_=[n/4]
S
- -3
w107 F
()
>
" — -4
§10 3
2
—10°F
©
E
<>‘<,10 3
= .
107k o
~
[ L IR R RN | L [ R R )
10° 10 10°

Pl 6-6 % FGT ' SOG Nk 5k 7 Z I &

5 CPU WFAISGY. e 2 ey BfiE T AR e asal, NS O A W 28T
9451 5 Matérn A%, RS 43 #ARIERE — 4 BAR SO BHI R AT 107, i F AR
MG PRI LMEE R N, HPF IS RIS 2011 R AR, Bk IR f iy B
L i) OR ) 2 MR g 2528 IiEl6-T45 1 7 ik N 5 CPU IR &R, T A
BB T v=1.0 5 1.5 FML. a8 FRE mlm M, e LR ) R
O, B x TSy O7 X B SO . T WA A B —E R, 2T FGT SA RS
TARE AR S 2. IF B2 8 FGT FIRi ) ith 28 5 B TR 25 s e AL AR
(Breakeven ) fR/), RE 100. XAEEFZAEAEAR/ NG P F BT AR BT 3 LA 2052
FrmFIE], Al UL VPMR 5355 FGT JAIL R HARCR R
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10% 10°E
= 7 F e
I —8— Direct Sum 7 I ——+&—— Direct Sum ’
4| —&— v=1.0Isotropy /D [ —4&A— v=15Isotropy
10 ¢ v=1.0 Strong Anisotrophy 4 10 ¢ v=15 Strong Anisotrophy 4

10°F 10°F
—_ F ON),~ —_
i e 0
g10°F 3
E E
[ [
10%F
w0k
£ Y
10°L E'/f (A)
EAd Ll
10’ 10° N 10° 10*

Pl 6-7 xi%cts CPU IRl &

Zi EITAR A B, FATE SR T VPMR 5353 T SOG {11 SOE i1 i) i
JERLIY,  Jo MRS EEFIIE A ZR BE WIS T TNIER] T VPMR 534452/ SOG 5 SOE 7E & i
PUAIA M Runge-Kutta 773k, FGT FIAFRAALFH M G M. Sl 8 s S T mi
PR SRR B R, R AT 1 J50A A, B o R ORI IR TIs AR . I HL
VPMR 553k B S el B -5 08 nT 1 r 0 R A BB A R Al Be e AR, BRIt 2 4, SOG
1 SOE Fr AU e H-A 71 e PR SEAS A EAR A A nl ABOTF R e A7 3, KR
T IEBITRCE. XA R L A VPMR FETE SOG #1 SOE A4t 5 T A
E WA T HRCR.
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ENESE

ARSI A T — ] DA ks 2 SOG/SOE AT HYSFIE, Hfivss o VPMR SA. %5803k
HIEHM VP RIFGEI ALY SOG/SOE, Z J5 kY ] MR $ORIEATZ A, #4351 WU > R B Mk
g, a5 7 s ) SOG/SOE Jy ki AT e, AIPA% B VPMR SEVATERG I, WS,
RS i DA SE A _EFRA B R A L. VPMR SRR A KAl SE i T MR 1%
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A FAST SUM-OF-GAUSSIAN METHOD

Approximation of interacting kernels by sum of Gaussians (SOG) is frequently required in
many applications of scientific and engineering computing in order to construct efficient algorithms
for kernel summation or convolution problems. In this paper, we propose a kernel-independent SOG
method by introducing the de la Vallée-Poussin sum and Chebyshev polynomials, which is called
VPMR. The SOG works for general interacting kernels and the lower bound of Gaussian bandwidths
is tunable and thus the Gaussians can be easily summed by fast Gaussian algorithms. The number of
Gaussians can be further reduced via the model reduction based on the balanced truncation based on
the square root method. Numerical results on the accuracy and model reduction efficiency show at-
tractive performance of the proposed method. Compared with the historical method, VPMR has the
advantages of faster convergence speed and higher convergence precision. Both numerical experi-
ments and theoretical results verify the advantages of this method. It cleverly solves the bandwidth
problem which is difficult to deal with in SOG estimation process, and gives a scheme in analytic
form. This is undoubtedly a breakthrough that has not been made in the historical method.

In order to promote this efficient original algorithm, we implemented VPMR on Matlab. Since
the VPMR approach requires high-precision matrix manipulation, we employ the Multiple Precision
Toolbox in order to implement the algorithm. These packages are used in both steps of the VP-sum
and the model-reduction procedures. The computer code of the VPMR approach is released as open
source, which is available at https://github.com/ZXGao97. The visual code of VPMR makes it more
convenient for users to apply the algorithm.

In addition to generating SOG, VPMR can also generate sum of exponentials(SOE) with the
same high precision. One of important applications of the SOE is to quickly approximate convolution
quadrature. We consider the approximation of convolution quadrature between a given kernel f(¢)

and smooth function g(z) as follows,

t
y(t)=f*g=Lf(t—T)g(T)dT. (6-20)

If the kernel function is non-singular, then VPMR can be used to get the SOE of the kernel function,
so that the convolution quadrature problem can be decomposed into several ordinary differential
equations to solve, and numerical solvers such as Runge-Kutta method can be used. If the kernel
function is singular, we employ the SOE expansion for the finite part of the splitting convolution
kernel such that the convolution quadrature can be solved as a system of ordinary differential equa-
tions due to the exponential kernels. The remaining part is explicitly approximated by employing the
generalized Taylor expansion. The significant features of our algorithm are that the SOE method
is efficient and accurate, and works for general kernels with controllable upperbound of positive
exponents. We provide numerical analysis for the SOE-based convolution quadrature. Numerical
results on different kernels, the convolution quadrature and integral equations demonstrate attrac-
tive performance of both accuracy and efficiency of the proposed method. The better precision and
lower complexity illustrate the advantages and feasibility of VPMR. This coupling method makes

it possible to quickly compute the convolution quadrature of some kernel functions which cannot
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obtain the analytic form of Laplace transform. In addition, its high efficiency and high precision in
the convolution quadrature equation shows that this method can also play an important role in the
mainstream research of convolution quadrature.

Another application of VPMR is in combination with the fast Gauss transform(FGT). As one
of the kernel-independent FGT based methods, the fast generalize Gauss transform which combines
both the Hermite and plane-wave versions FGT is proved to be efficient in solving the diffusion prob-
lems like the unsteady Stokes flow. This method which requires the values of the Fourier transform
of the kernel at the plane-wave discretization points focuses mostly on the acceleration of the trans-
lation operator (named S2W and W2L) and thus exchanges expansion cost for kernel-independent.
The accerlate performance is limited especially when the kernel isn’t a Gaussian type and both the
sources and the targets are not belong to a tensor-product grid. As the author argued in, the original
FGT is faster when the number of boxes is small (i.e., with a large bandwidth). Another meth-
ods reported in is worked when the kernel is radially symmetric and negative definite on all RY.
Even leaving aside the difficulty to find such a Borel measure required in, unmanageable low band-
width thanks to the discretization of a [0, +00) integral in conjunction with the generalised Gauss
quadrature rule will lead to costly translate consumption. We first construct an g-terms Gaussian
approximation of the kernel by Vallée Poussin (VP) sums and variable substitution. All these terms
of Gaussian remain an excellent bandwidth and thus can be evaluated by the FGT or its modified
version within the small-scale boxes structure, we style it as the multipole fast Gauss transform. As
an significant advantage, the prefactor in front of O(N + M) is independent of ¢ (i.e., the increasing
of g will only impact the precompute time), which allows us to compute the whole terms with just
one time of multipole FGT. Our numerical results compared with the previous tree code scheme
show dependable accuracy and attractive performance. Our algorithm can be easily extended to
solve high-dimensional problem by exchanging FGT to IFGT or other modified versions which aim
to eliminate the curse of dimensionality.

Both the theoretical analysis and the numerical examples and the comparison with the historical
methods show that the VPMR has the advantages of high precision, fast convergence, good coupling
property and controllable bandwidth. This original algorithm, VPMR, fills a historical gap in this
aspect of the problem. This breakthrough makes many excellent algorithms which are limited to
exponential or Gaussian functions can be applied to general functions, thus greatly promoting the
development of solving the corresponding problems of these algorithms.

As for the further research of VPMR, the first one is to start from the practical use of SOG/SOE,
to explore the coupling of VPMR and other mature algorithms, and compare with the original classi-
cal algorithm, highlighting the superiority of VPMR. Second, we can start with parallel optimization
to reduce the time of algorithm operation and make full use of computing resources. Thirdly, we
can further explore the better form structure of VP sum and the optimization of Model Reduction.
These extended studies will improve all aspects of the VPMR, making it more competitive in related

problems and more adaptable in coupling problems.
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