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UNIFYING OFFLINE AND ONLINE MULTI-GRAPH
MATCHING VIA FINDING SHORTEST PATHS

ABSTRACT

Finding the correspondence between two or among many sets of objects is a fundamental problem
in computer science, arising in a wide range of contexts. Our primary motivation and running example
is the classic problem of matching landmarks (feature points) across many images of the same object in
computer vision, which is a key ingredient of image registration, recognition, stereo, shape matching,
and structure from motion (SFM). Previous work formulate it as graph matching and I will follow
this formulation for further exploration in this papar. Graph matching (GM) refers to finding node
correspondences among two or multiple graphs given an affinity model. For two-graph matching, a
general form can be written as the following quadratic assignment programming (QAP) problem!!")
which is also called Lawler’s QAP J(X) = minxe(g, 1) vec(X) Kvec(X). While two-graph
matching was proved to be a NP-hard problem, the multi-graph matching based on this is more
complex and hard to solve.

This paper addresses the problem of multiple graph matching (MGM) by considering both offline
and online settings. We follow the idea of matching composition optimization to solve multiple graph
matching problem: finding optimal matching composition on supergraph whose vertices refer to
graphs and edges denote the pairwise matching between two graphs. Unlike the previous works, we
reformulate the matching composition searching process as finding the shortest path on supergraph
with careful theoretical study. We prove the matching quality function, which consists of affinity score
and cycle consistency, holds some similar property as the distance function. Based on that, we show
that the offline and online MGM on supergraph can be converted to finding all pairwise shortest paths
and single-source shortest paths, respectively. We further adapt the Floyd algorithm™! and the shortest
path faster algorithm (SPFA)*% to design multiple graph matching solver MGM-Floyd and MGM-
SPFA, who can effectively search the matching composition space and return optimal approximation
solution. For the online setting, we also proposed FastSPFA, an efficient version of MGM-SPFA via
dividing the supergrah into several subgraphs to accelerate the matching speed.

Extensive experimental results show our methods’ superiority over other state-of-the-art MGM
methods, including CAO!, MISM®!, IMGM"! and many other recent methods in offline and online
settings. We perform our experiment on both synthetic dataset (in deform, outlier, deform+outlier,
mask mode) and real dataset (Willow-ObjectCalss and Sub-Rome16k). Our proposed method achieves
the best performance in both offline and online experiments across all datasets from a comprehensive
perspective. Floyd-PC outperforms other approximation methods(Floyd-UC, CAO-PC, CAO-UC) a
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lot on accuracy while it is 2x faster than Floyd-C and CAO-C with little accuracy loss. MGM-SPFA,
achieve the highest accuracy on online setting while FastSPFA is faster and more accurate than all
previous online solver. Moreover, we also explore the effectiveness of our theory, affinity boost

performance, robustness against noise, and sensitivity of hyperparameters in our methods.

KEY WORDS: graph matching, shortest path, combinatorial optimization
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for 3 JJj 4 —Fe ST E] 55 G, do
for i JifEE—X & G\ G, do
WIT AR 34V Sore = Sy ) @I A2, 35, 3-63R A SZ.. SE)
L A 34T Sorg = X Xy )@ M A 3-5. 3-63KME S Sie)
if Sprg < Sop: then
Xy — Xa X,y
end if
end for

end for
FRRFUCH—BCHAE R A, Bk 55 24755 1047
f: AR ICEiE R X

i3 WEW). i Cp (X, X) 58S, FATRI A H:

N

N
Dl = XaX ], > )
t=1

t=1

X - XitthHF .
HR Xjx A B, e B ASME FaME, IrAf,

N N
Z ”(Xij - Xitth)Xjk”F > Z “(X,', - Xitth)Xjk”F
t=1 t=1
Cp(X;; X, X) < Cp(Xl’-ijk,X).
O

AT LU T A2 5 A3, MR B R MR 0T, A LT, B DAMBRBE LZE K43
WS OLAT RN TEE. BATIAROAE T B X MBI L, AT AT RURRE-S (X)) 24
Rz G M Gy ZIAAYEE B pR L, FLIF 22 1 DUIE DR ALy s R A TRk . 3%
TR A T ORAYFETT3.3 FIEET3.4 5[ AL 57K Floyd DA K BRIR A S 534 SPFA
Ry i ipp ke v 2 32 V[ DR P A 7 28 52 Ve 96 DR i

3.3 BEAZEhEITAEKESE: MGM-Floyd
TER LA T, B2 Z FPFICACAY H 5y SR I AR T (ILRER) 2
Bl VE B4R, CAOY il 8 50k T 4R IR SR PLRE R4, X AR R — S DL RIBGA A
A, B P AN [ TR R R R A T . (HU2, W MO AR R AR K
Aelid 27, Hop T 20k, AR i h A RE TURITTE. T eliox
— B, FRATHR T R A Eh AR AL P B L X W VbR VERC A S, R T G R
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Iteration 1: Optimize matchings via G,

Iteration 2: Optimize matchings via G, Iteration 5: Optimize matchings via Gs Final matchings
[ 3-1 2% MGM-Floyd a9 #4508, [ P &Radih Ao A T L7891, Ry Ami a9 35 Faysd
ARGy EEAEE T X, AR IEE; ES P, KAV G 1EA P & AT A I
BL.
Figure 3—1 Illustration of MGM-Floyd for offline MGM. The green and yellow line denotes the matchings used to

update and need to be updated, respectively. The number in the brackets on each edge denotes the matching score and
the composition matching is near the number with X;; being the initial matching. In iteration i, use G; as internal

vertex to update the matchings.

%Y Floyd f) Multiple Graph Matching with Floyd 2.3, fAjfk MGM-Floyd. 5 CAOU! #{ .,
MGM-Floyd A AT PR . TR A RO E S R VER e, ZER ) RS B A B R AT
iz Er =,

4 Xy R G M Gy Z IR {G1, Gy .. Gic A il s S B O DL B, ik
ARV B R R 23T {G1,Gy ... G} KBTI, HTiAik X 2 — P VCRLsR A as! ) P15
FOPTICAL. SEAK, TEE bR A PCRE A4 X0, XU f sk U R
T :

L XY =XE" %R G Ml Gy Z IR R A 28I 4 kKA G

2. X0 = XUTUXEY ) FOR G A Gy Z A B B AR ARSI I k 3K G

PRI, A LA F AR P 0 P P R B BB A K (SC) R, T bAAS-3)
X B R Iy AR T -

X\ = argmax(1 - 2)J(X) + 1C,(X. X),
Xe®
Hep o = (X§UXEXEL Eah, T XO EE T XD, BN S AR R r
AT DA RTAG B TR, AT 0 2 [T :

X;; = argmax (1-2A)J(X)+AC,(X,X).
Xe{Xir X Xij }

HARWERA TR AS % Alg. 3-1, B R 3-147H T MGM-Floyd #yizt7id #EH— 556

559 U IE 31 1T
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Bik 3-2 feZe X 2 P DL ficsi i) : MGM-SPFA

A ARG (K}, - WIIRVCRCHLFE X DRl —EALE 2
for X[ T H BRI Gy do
s EVCE AR A S Gy Z [ VSR X,
WIHt Q = {G1.Gy -+ .Gy}
repeat
M Q B I 45 G, K5 G AR TR A AL HA DL
for i Jj; ir 5 €] G, do
it AR, 34EE S, = S @B AR 3-5. 3-63kMf 5% S%)
AT AR, 34UH Sore = S Xon)EF ML AR, 3-5, 3-6Kff S, %)
if ;.4 < S,p: then
XyN — nyXxN
end if
end for
until Q 754
for (LR —X#IE H\{Gn} 1) G, G, do
I AT 3-HEE Sorg = SXo )AL AR, 3-5. 3-6KAR S). . Sie)
L AR 34TFE Sorg = SXun Xny N EH BT A, 3-5. 3-63Kf# S5 Sie)
if S,.4 < S,p: then
X,y — Xiv Xy
end if
end for
end for

s oA PCECEs R X

MR E L B ERA a2 AIERH , FATAY T YRR BRI VT ORI S A
2. P, 7Eiz1T MGM-Floyd 77352 |, FATHIA Affinity Boost £ AMER & 4 R VERCAE L.
B, HAT2IE 7MiM MGM-Floyd. 7E5—FrBt (Affinity Boost BrBt) w, ATH 4 i
B0, PUEE B BORSRAT E AR TS, T 2m—Shk I, e AR, H
T T ASAR B T 28 I BOR UL+ RBE. R85, FRATCEADLE M09 A B T AR, [l

%5 [ VT AR (DL 2 BN PC I — 20, RIRAF IR R PERC RS R (MGM-Floyd irB).

34 HEHASEEEMCEKFSE: MGM-SPFA

TE2 N2 S BEVTC AT H A2 Rk B0 Gy PERCEIE PERCH) N — 1 3K IX. 1E
M H L, XENTHREINFRTUS Gy B P HABT S A R EVTAC AR, X 5 &SR
St T 1 BB AL AR DL R, FRATIBR G T Rh T BRI SR B ARGk SPFA (97

2¢7J7 % Multiple Graph Matching with SPFA | f&#7 & MGM-SPFA.
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Phase 0:Initial Matching Phase 1: Optimize matchings from Gg to others
Gs(Arriving)

Gy LGy
Q= {Gy, Gz, Gy, Gs}

: Gs
i Optimize matchings to Gs via Gy Optimize matchings to Gs via G,

Phase 2: Optimize matchings via Gs Final matchings
[ 3-2 xf MGM-SPFA a4 #6501 XA, Gs —AT 2R GRaYARF AT R840, A £F
W EHRG; IR T A X R4S IERL; fE Phase 1 P, ZAMEE H\{Gs} PHrA LR, L EHG
ANEE| Gs a9 IEB X s & Phase 1 P, &A1A Gy 154 1) 5 & L3 FTA 44 B
Figure 3-2 Illustration of MGM-SPFA for online MGM. Here Gs is the arriving graph. The green and yellow line
denotes the matchings used to update and need to be updated, respectively. The number in the brackets on each edge
denotes the matching score and the composition matching is near the number with X;; being the initial matching. In
Phase 1, fix all the matchings in H\{Gs} and update each pair of X; using other vertices. In Phase 2, fix all X;
and use G as internal vertex to update all the matchings X;; in H\{Gs}.

MGM-SPFA fZ.0BAEAE T WR Gy B G, MBRARBCE R 17, ABA Gi AT RERT AYE A 3HT
B R R R PERE R A, PRI, FRATTZES— P T B A W R 17w B
SRIGHA T3 Py BB AR A, AT R ) ROR BB AT 4R i VRl B A B4
B RCR T, FATHR SO SUOMABS. W ESE, ERIASh A, B O] AT
BOFTA IR EEARARTE, MGM-SPFA J: 804045 3 A7) :
L 7EE H EEEkA A (IRECE) SCATURZ RED. I E TRk,
B4 RRWMU SRAER I Gy SHALE (G -+ Gy-i} ZIEHIVLHE Xni. SRIGHEH
WO TR, FTPAMEAG - Gyt } IMAZET I BAS O .

2. BAFI @ H B S — A1 10 Gy HRFE MBI HER.  PAXAS Gy S PIaly i, SRR
A G WABE N(G)) SRPAFHELFRIVCECEEAR.  ARAT SR, R BRI AL, A
XA AR B E BAS 2 B ORI 2 R E B R

3. JHRIIE Gy VAR AL ILFrAE AR, BERARRRYL, ] Xun Xy K
it H\{Gn} 43 G, 1 G, HIILHE Xy .

HRR BRI AZS % Alg. 3-2, [ F13-2451 7 MGM-Floyd K1z 7 # iy —4~5E B

2511 71 431

\EH

~
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Tk 3-3 e X B I HPLALS . FastSPFA
WA AR (K}, WIMATCRCARRE X, PORE - SCHERUE A
for X T HkHE Gy do
HWHEEEEE M = max(1,N/Cpin)
F H\{Gn} B M 4.
for each cluster C; do
ik G UGN} YL, MsEEE H T H,
A SRR 3-2 A 55 1T B 88204 T4RA5 I H P s E Gy ITERE : (X by
end for PUTFIE: Alg. 3-285 144735520 17 [RIMERY S 038, fifk H\{Gn} ERIFTR L
i FH Xun Xy ZHERE—X VLD X,
end for

il oS PCECEs R X

3.5 MGM-Floyd LI X MGM-SPFA HiEEHEXHR
3.5.1 3 PCid— 25 el
T S FIVER T ESEAT IO, FRATH T 2 B TAE CAO! Hh R Ak b DT i —
FER i, AR B A AUR. BT £ W P R DE EC A H f T R 1 135 40 5k
STV BBy, o5 BB RDSA LTk BN 90% DA E, R IR I R4k DT
fid—EE R T B I B A Z R RIC R BE E R 2 . RIEE3AE X, KA
St B R SC) 1B TR RITEE S2 (X0 Xn) PAK SE.(X;X0), BRI :

SEXiXj0) = (1= DI X Xj0) + A4 Cp (X K)Cp (X, ). (3-5)
Sffc(Xinjk) =(1- A)J(Xijxjk) + AC,(j,X). (3-6)

3.52  dEAT AN

FE_F T AR A AR AL S (X X ) A SE (X3 X ) BUBIRR T, 3R ATRT PASE— 23t 2
HHH AR S AN SE ARG, AR A, Bk, e H B3 () &
1, YR U R DR BT, FRATATAZG C, R C s, Rk, $R
AT] DA B — B s TR B AR T SR P W D e — 200, TR R B s . XA 25 s ] PAZA A
RARKAZE RN, 7 B LA 1) £ e DU e 383 e A .

3.5.3  dE RSN

W F R 2 02, MGM-SPFA [ B[R] BUAS IS IR, JLF-5 B R 3 B T 207
T RZYE. FRATRET — AR B AL, WO E R RESH, EHlHm
BR B0, AR MGM-SPFA 53,

ZHIH AR & R T ik JRE o A0 T 0 P DO A A O e, FRATT R T
MGM-SPFA 71138 fi 4% FastSPFA. 1 MGM-SPFA #{ 1., FastSPFA Rk VU Rk, [H2
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BEJCHR EH I PCREA R L, HAWHRE R 5 B B i R A R AN KGR, FastSPFA 3
LOL BN PR -

1. F1 MGM-SPFA F[F], AT SeretB i H gy s (Pt E) 524 T 5 22 [l i)
W, R R VUK AR, Gl RRWMMY SRS IR Gy SHME {G, - G-}
Z [B] A PEHE Xy,

2. ARV EEINTA R T B Coin, I HARFEIA B T RN 2000 M A, Bk
2D Cpin K (ICluster;| > Cpin). BHEBL, 4 M =max(1,| &=-]), H
L] FRRE x U

3. WA F NS T MGM-SPFA SR Gy B H A A KA f VT Be B

4. [FAFER M S E MR IR AL BE: ] Xun XNy RO H\{GN} HEEE—XF G, I G,
U] UM. O

3.6 S5HthSEREKEEMNEXLEBRSTTE
B, BATPRAEXA TN THE— FIRAT A 5 oA 2 B VSR 3 B[R] A AN ) 2 Ak
FEMFEL A /2 BIVLEL TAEF AL, FrAEX AR AT 2R By iR 2 K [R] DL L i)
R SK AR, L3S B s (R SRR T VA 5 B T RS s (AL T T v
HoE, RATREFRAT T ECh B B RIVCRL . R EiE A T HEGE RN
W CAO FIEL TS5 M AL ) 7 ¥ MatchOpt®® BT TR R F B Rl A, 2R IA — &
VE R SR ffn ARAREL it I DE O 0T, 38 kA O0 A0 9 R 1 22 T 1) DC PSR i 2 RBsX T 2 I
(7] PCC ) . PC P — S i BR ] SR A X SR YA T B Al R IR 25 (BIankpIREsH . B
Rghty) 58] [ R, B2 E R R g A VTR — 8 TR &% 08 (e
SCHE B eRE S BFE A PCEL— Sk ) 1520 221 S48 it )3 1] 2 7 A B B figf e 8 AR 22 B [
VERC IR, AES—Br B, EATFAR A T R P ECK s R AW LG WP UL, ST X
FRUCHCAY BT AR AR, ARJETESE B, BT SR Le S i A Ak O YAk W 2 4 )
DU — 2R B 45, HL a2l M 0F 3R]0 B /2 Alternating Direction Methods of
Multipliers (ADMM) % —SE R IR Bt )y 422, A HoAth— 28 TR MatchALS™ 33
T AE RS A3 ] PR SR AR R & T VLB — B A UE I & Ak, HIRATBFSEELEA )
BEALRBERETHIY . BRENIE, BRI fF, k-means F2A )00 4¢
FEORMREIVCEL R8T SRR ERR N R, XS AU AT S — JE e, A
HE s B
SRR B, TELEAS ()R A 29 Ak 2 1 i ) DT IE 10 1) 1 YA AEAE A R LR
PR -
L X AR VEE R R A A S DR ASHE DR, X2 FECRUE, 2 2 Tl A pg s
25, ENCT B R PCREC R 28R T A S, TR T S A A4 i) £ [’ T
BC B, X — B2 R VEEE T Iy 2 Hh A .
2. RNEZ AN S 2 VTR A, R 2K IH SRR i 2 g e, Flan: e ik, 17
TEBRECE MR M R A, RS, X2 33 B VLECAL BB NG 7] 5
(540 MatchLifd®') sl i) — (5 2 B R R (640 MatchALSS!™?)
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3. H RS B4 1) O VAR PRI DU AR DRI SR 5 205 A AP BR A R 22
R DY 5 T A A B RS o B A

HZHNH, EHCREIRENRAET , RS2 BB RINRER . HK, 3
T2 Hh B 5 35 SR T Sl S LRI B S oK e e B s 8] R R AT AT A, DERC— B2y
R BRI, AT R, R SRR MO R, A, 3R
IR A R T B R m L, 76— B PERCH B AT TnT AEE AL B I PLpiias, Joit
T B HCR L R SOR A e PRI SRy, BATR RN FA T I AR T Hofth
AL ST AR L

3.7 XEING

AREE T ERR T 22 VT E ) S f i () AU 45 S nT RENE 4 TR IR R , R
35 Floyd , BRI HIA SPFA 52 FILEUMEZS &, #2007 HATH SR RIHIE L - MGM-
Floyd fll MGM-SPFA. tAh, FATEH & 7T Bk ELTARS AN dt, HIPR T
TELBIARY MR AS FastSPFA.  fEARTERY G, FATRMFA R I 8975755 A B HA 7%
T LR, AR T RATIERI LT BT

%14 70431 T
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FNE ZRBH
41 FERSTREFRT

A I SE R 4 A2 AE 3.40GHZ 1) 4 #% CPU,  16G AT G SIS FisfTiy. JATR
T DU S h =i 0 T BRI ART ) VRO . MU S PE R —Ek, &
X IR =AM 5bn 70 AR 5 1 ace, ser Al con. Hrf

ace = 1= Y |IX;; - XT"|2 /nN? € [0,1]
i

FORIEHCAIR X, 5 ESEIL XTT 2 (B 2E0E. AR RLRE 3 B0E LI -
1 vee(X};)TK;;vee(X}))
eV Z vee(X{T) 7K vee(X{T)

ij

WERIX ) sre AARER KT 1, BRI affinity matrix (1) 4 5 T0 % 58 A PRIIE-S VEHL
K2R Bk, WTRES: th BLAS B VEEC AN 31 He EL 52 VC R = A RS 7 B i L. 42 Syt
i — 350 U T A i SC3 A L

TR I SEs, AR BRI MBS R, FATHER BT T 20 ORI THRE
RIS, AR, FERTRI TR 2R, B2 S5 R B R 2R
ANTm] Vs i AT A R I TR AS , FEAARECT B 45 5 IR 2R [ 4 BRI A v 1)
KRR BRI ENEAE. KT SH, BRAERRAE ], AT —HE MGM-Floyd Hhik &
1=0.3, £ MGM-SPFA 5 FastSPFA i & 1 = 0.4, &SLI BRI S BUE ] DAL Zk%4-1.

FATRF T A IS 41 52565 ) RRWMUY VR Bt ) — PIVC LR A, DAUSRARAS 5 75
BILRVEHE X, R VCRCSR s — Mok Ul A PR (01 B {5 SR A — IR DEfCas , Hoanak
{14 F %) Reweighted Random Walk Matching, RRWMU!! s 5% 25-{fi F = i (5 B SR A ) — &I T
fil#%, ol RRWM f#83 i 4, Reweighted Random Walks Hyper-graph Matching, RRWHM!8!,
W 4-1fR, FATESEXT RRWM 5 RRWHM P E PLELERAC T Heag, BT 2 B VLHD
YA X T ZEVLECR RS — R E, BIIRATHER T R i — DL EL SR gm0 T 2 L
BCEEAE RS, 5N TR, s m P {5 SR RRWHM 22 [&] VT SR 6 B2 e
RRWM Ziy, (Hfeiti) EAETE L. B, h T IRTHES R AT HrE, AT T4
(R SE56 Rl RRWMUMT R A el — PRI VR R g, DASLSRIRAS I B 0T 4G VUL X.

42 SCIEFIER

421 fiEERLE

e AR AL B E, FATE Se LA — K e R A RN 2% . X TR —
KOTEE, BRI AR AR 2% AR R AR B — A edirish s 2le. ek,
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ObjectClass | n; = 10,1, =0,e=0,p=0,02 =0.03, = 0.9

deform n;=10,n, =0, =0.15, p =0, 0> = 0.05
outlier n=6,n,=4¢e=0p=0,0>=0.05
deform+outlier | n; =6,n, =4, =0.04, p =0, 0> =0.05
mask n; =10,n, =0, =0.05p=0.9, 0% =0.05

ObjectClass | n; =10,n,=2,€=0,p=0,02 =0.05, 8= 0.9

deform robustness | n; =8,n, =2, =0.04:0.12, p =0, 0> = 0.05
outlier robustness | n; = 10,n, = 6: 12, € = 0.04, p = 0, 0> = 0.05

KA1 RAEA2(LETr), B4-2, 43, 45, 46, 47, 48, 4-10(F ) AR 49T 7) ey S 2k &

1 25 ‘

1
0.95 —e—RRWM 1 \» ~—e—RRWM —e—RRWM
095

—o—RRWM+Floyd —o—RRWM+Floyd —o— RRWM+Floyd
08 —e—RRWM+CAO | —*—RRWM+CAO 207 |——RRWM+CAO
588 —e—RRWHM 09 —e—RRWHM —e—RRWHM
| RRWHM+Floyd RRWHM+Floyd RRWHM+Floyd
08 RRWHM+CAO | - - RRWHM+CAO 15 RRWHM+CAO

Accuracy

Accuracy
°
&

°
S
a

07

5 10 15 20 25 30 5 10 15 20 25 30 5 10 15 20 25 30
Graph Number Graph Number Graph Number

(a) WillowObjectClass: K% (b) WillowObjectClass: FEFL4E (c) WillowObjectClass: 5%

B 4-1 MAE Z Fert ) () Erkik 3 RRWM! fo RRWHMPS 451 15 4 % 1B I fie, A5k o 04 — ) I e 2 69 R R)
Figure 4-1 Accuracy and time (seconds) comparison of RRWM!!'!) and RRWHM"®! as the two-graph matching solver

D5 BB ARHE qf B W NI RARE]: qf = g+ N(O,e), K e &M R TS HEBARE
WS, BRILZ AN, FATIEAHIAR VLR X IR : p € [0, 1] ZORFr A MPImILIC+ , A
Z /XAl IR VEEOR R, TRl B — S BRI EIR. 24 p R RHIE, &
BT ARVCTC RS FE 2P AIR. FAT IR i Ay OR A% RIRMEPC BRI, FFR T B L 15 5%
SE, FRSEITRAY. AL R AR
(Qab 0__2qu)2 )

Hor o RARBIBEHURSEL. X T Ah i ﬁ?ﬂ%ﬁé FATRRIFIE— AL EE T B, 7RI
I’\I,M%MLJJH/\ 1o NBEVARAREIAI . SR T U LR AR AL By =X R R B I e I 2 T A
E';][7,9,l9]. 1

Kuc bd — exp(

422 HIHIRE
AT LR TP ESE I R .

RIS R Ah RN SR AR, FRATHR AT DB R A “dummy nodes” [ I BT K IR Y SRR —
1)
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Willow-ObjectClass“! d1##4% 73k [ Caltech-256 F1 PASCAL VOC2007 R4 -, x4k
BRI, il 109 5KEGRE R, 66 SKIFGRATE A, 50 KRSy E R, 40 5ky5%
(AN 40 SREEFE AR B Fr . FRATHERR A S5 10 it BRAS BRI AR AL 26, R B AT DT
HE 2 [ DT L 0 R s R R 5y T, ARMER D). RKIE ) F2hpmic 10 588, A
AFBERLAE 8 no ASFh KA T 22 R DL HE A b i

TATEZM T 75— 44 Romel6K, Romel6K &—A~ =4k i @ 4R LM A2 —4~
FIVCECHBn 4, PRI B R £l 4 Rome 16K g 33 1 — 5 433 5 ] DL e [F) A5 ) ]
AAERFATHI RS , FATIE B {5 Sub-Rome16K. FATT—FLBEPH T = AR [FZKBINE F: B
iy, VOlTEALFE R R I 5 5 By . XA 20, ]I 32 ki A,
Bz ) —4 30 N AL i W —IKE A, AT Fe R0 n AR BRI, REEE
T 30 — n; ARG PRI n, AP FenlFR R Ry, FATPkIRIX =422 0 1
ANEMERE R ESE R, AN EVCECEER R IEE R, FoATFH VT 25 SR ) 48 XPRg Bk R m 28
SIRMEZ RS, FER ARy yART, B VEHORS BE 3R iz R B AVE D, FEscinh, 3K
A% B PG 0 AL A R T 2 B E R 2 ), AR 2, T 20 T 45 37 W) A T B ) 2 )

ERZHELR T, BATE A SR AAARME BRI — 0 5 B AU AR R, s & T E
FHRIBCT RUAFIE. 5K R R =0y, AR AR SO URE AR RIS, FRAT TR 2 (] B
FIENKGREZRINRR: Ky = BKI, + (1= BK;,S, . TESEA-1T, Ffilid2zil 1 FIH
N EE. AFHEARR LA 2 E VC R R A ), ™ 2230 (364-2) , FRATHY A
TE R TR, SRR, FRATE SR M THRATTE ImageNet _Filll 25471 AlexNet!*?
PEWUSRHE. SR )5 H S PERSIRK A Hungarian SRS RIWI LG NICIC, Fiém A4 2 ElIL
W=

43 IPRERSSH

4.3.1 B2 P L

Pl 42143 B A 2 Jel P ] D i SR g 5 CAO il Floyd e BRI S A EL S8R 4R iy
PEBEFRBL. FATEILVCFEOREBE ace, MRS sre, PERL—FH: con HVARTAIYAE time %5
J&FRRT Floyd 15 CAO #HT TR, A iEmi# PC, UC, CHIBEF, 435I R R B
BB Spe s Sue, SIEM—BCHEFEIM. 16 PC 5 UC M, £T Floyd £ Kl P a VT
FVEMRCT CAO, ToRGRE BA TWRieTt. 78 CHEXN, Flyod My & e 2wk T
CAO, I HW#F R BEILTAAE. B F 2, T Floyd 192 &I P[] VT RS vA fE DL e —BerE
HA L CAO BEUEE, WAL MR ANAL, EIRHR. flinE4-2df4-2eth iR, 7
W BRI AR deform 4555 I+, Floyd-PC (St DLELHE N T2 0.20, iAR{UEE 43 00 R FE
T0.03. 5 CAO M, Floyd {iff I/ OB LA R FR BN A X UER 1 I R VC R A% e BE T
UC 1 PC [ ¥4, X 0T RASE 1 7 AH [7 B[ s AR ™ o — S50 R W A 7 B 22 0 oF S I RS 1
[ —BHE L. HeAiEiE, 75 CAO g T 1—ECMAER S H, M7E Floyd o N ik
¥, Hep T (EAR5ED) T EE N B, 3T Floyd-C fil CAO-C, W /DEKETTH
W] A LS 20, nEl4-2f, [&l4-3FF1 & 431 7.
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095 09
09 08
> > >
9 5085 So7
3 E P 3 R
2 —e— Floyd-pc oSS —e—Floyd-pc| | & 06 | —e— Floyd-pc
~—+—Floyd-uc| | 3 ~—e— Floyd-uc |—*— Floyd-uc
—e&—Floyd-c 075 g —e—Floyd-c | 1 05 —e&— Floyd-c
—e—CAO-pc N — —e—CAO-pc | —e—cA0-pc
CAO-uc 078 CAO-uc | 04 CAO-uc
CAO-c ‘ CAO-c ‘ CAO-c
045 065 03 ‘ . - ; .
8 12 16 20 24 28 32 4 8 12 16 20 24 28 32 4 8 12 16 20 2 28 32
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Figure 4-2 Offline matching performance comparison on synthetic data (deform, outlier, complete) with different
versions of MGM-Floyd and CAO!”!

Category | Hungarian | Floyd-pc Floyd-uc Floyd-c | Spectral®'! MatchLift®?! MatchALS/?*! MISM!®!

Car 0.503 0.844 0.840 0.850 0.601 0.665 0.629 0.750

Duck 0.442 0.803 0.800 0.793 0.485 0.554 0.525 0.732
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Face 0.854 1.000 1.000 1.000 0.927 0.931 0.934 0.937
Winebottle 0.543 0.934 0.930 0.931 0.630 0.700 0.669 0.814
Time (Car) 1.263 9.377 10.960 14.981 1.469 17.695 2.622 3.966

k42 50 B & S A EE % £ Willow-ObjectClass #IE VL Eagrbss, RIRAIFaofac Zhodn. 2%,
#&417:8 it Hungarian? # ik 4b32 & 49 CNN 4+ 4£/133) — [ L HiZ 4. .
Accuracy and time (in seconds) of the state-of-the-art offline MGM algorithms on
Willow-ObjectClass. Best results of MGM methods are in bold. Note to obtain the two-graph

matchings, here Hungarian method'*¥! is used whose input is the node-wise CNN features.
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UNIFYING OFFLINE AND ONLINE MULTI-GRAPH
MATCHING VIA FINDING SHORTEST PATHS

Graph matching (GM) refers to finding node correspondences among two or multiple graphs
given an affinity model. Unlike point matching, which usually only considers the node-wise unary
affinity, GM models the second-order or higher-order information for more robust matching against
local noise.

This paper addresses the problem of multiple graph matching (MGM) by considering both offline
and online settings. We follow the idea of matching composition optimization to solve multiple graph
matching problem: finding optimal matching composition on supergraph whose vertices refer to
graphs and edges denote the pairwise matching between two graphs. To our best knowledge, we are
the first one to formulate the offline and online MGM as the task of finding all pairwise shortest paths
and single-source shortest paths on supergraph, respectively. Based on that, we design two MGM
solver: offline MGM solver MGM-Floyd and online MGM solver MGM-SPFA. Moreover, we also
propose FastSPAF, an efficient version of MGM-SPFA under the online setting. All the proposed
methods achieve superior performance on synthetic and real-world data against SOTA.

In Related Work Chapter, we review the field of graph matching, especially, multiple graph
matching. First we regard our methods as a discrete MGM method. This category also includes
the composition based method CAO! and the tree structure based approach MatchOpt!?®! that both
iteratively transform the MGM problem into a two-graph matching one, and employ an off-the-shelf
two-graph matching solver in each iteration to update the matchings, whereby the cycle consistency
constraint is either automatically satisfied or encouraged. Another line of works!® 2% 22! etc. try to solve
the MGM problem in two stages. In the first stage, also a two-graph matching solver is adopted to obtain
the initial (and possibly very inconsistent) pairwise matchings. Then in the second stage, the global
consistency is pursued via certain continuous optimization methods such as spectral clustering!®!!,
semidefinite programming!?! and further robust improvement??! using alternating direction methods
of multipliers (ADMM) that can address the partial multi-graph matching setting. Differing from the
above methods that separate the affinity based two-graph matching and consistency driven smoothing
in two stages, some other works e.g. MatchALS?*! also explore the joint optimization regarding with
consistency and affinity by relaxation in continuous space. The third thread of studies which are loosely
related to ours is the rank- 1/clustering based methods, whereby continuous based techniques like matrix
decomposition®!, k-means clustering®®!, and density-based clustering!tn2017fastl are adopted. Note
in these methods, often only node features are used rather than the edge information. We also analyze

the drawbacks of peer methods in following chapter. In our analysis, there are some limitations for
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continuous MGM methods: 1) the relaxation is an approximation to the raw matching problem which
causes unwanted (even unbounded) model deviation, as discussed in two-graph matching®”). This
difficulty is pronounced for the complex MGM problem; 2) the relaxed optimization problem for
MGM is still very challenging for its non-convexity, hard constraints, and high-dimensionality, which
either cause scalability issue (e.g. MatchLift?*'), or limited exploration to geometric edge information
(e.g. MatchALS!?); 3) it still requires a post-processing step to round the continuous solution into
(partial) permutation matrices, since the relaxation mostly cannot ensure a convergence to a matching
solution.

In Methods Chapter, we first prove the score function S, which consists of affinity score and
cycle consistency, owns similar property with the distance function defined in the shortest path
problem. More Specifically, given proper A and relatively good initial X, suppose S obey the following
property:S(X;;) < S(Xl’.j) = S(X;; Xjx) < S(X;ijk),In other words, if S(X;;) < S(X;j), replacing
X;; in any composition path with X! ; can lead to better path: we have no worry about optimizing the
path between G, and G; will affect the optimal solution between the other two vertices. We prove
the proposition seperately, by proving the property holds for both affinity score and cycle consistency.
In another word, we prove: let u be a uniform distribution of all possible permutation matrices. If
J(Xi;) > J(X];), it holds that Ex;, -, [J(X;; Xk )] > Ex;, -, [J(X[;Xi)] and if Cp, (X5, X) < Cp(X]}, X),

ij’
we claim that Cp, (X;; Xk, X) < Cp(X]; Xk, X). And then combine them together to prove the property

ijs

above. Based on that proposition, we introduce dynamic programming Floyd algorithm and SPFA
algorithm into multiple graph matching problem and design two MGM solver: offline MGM solver
MGM-Floyd and online MGM solver MGM-SPFA. Compared to peer mehods!” !, the proposed
methods can search the solution space more efficient with less comparison and calculation. We
further accelerate our methods with other technique like: consistency approximation, asynchronous
update and graph clustering. It worth noting that we also design FastSPFA, an efficient version of
MGM-SPFA, which accelerate the matching process by dividing the supergraph into several small
subgraph and applying MGM-SPFA for each. In the end of the Methods Chapter, we discuss our
methods’ advantages over other peer methods. our methods do not suffer from the rounding issue.
More specifically, we give a dynamic programming based algorithm to more effectively and efficiently
explore the search space directly in the discrete space. The consistency constraints are basically
automatically satisfied, rather than as a burden in the optimization objective which is often hard to
optimize. Moreover, our discrete MGM approach can reused offthe-shelf two-graph matching solvers
in an out-of-box manner regardless it is a discrete solver or a continuous one.

In Experiment Chapter, we first formulate the protocols of our experiments, including the dataset,
affinity matrix construction, two-graph solver choice, experiments’ hardware setting, and hyperpa-
rameters setting. Then we perform 6 experiments in total: offline comparison, online comparison,
effectiveness analysis, affinity boost performance, robustness against noise, and sensitivity test of A
and cluster counts. We draw a few concluding remarks as follows: 1) For offline setting, MGM-Floyd

outperforms CAO'! on both synthetic and real datasets in accuracy and consistency, with similar
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time cost. It further notably outperforms recent MGM algorithms® 2123 in accuracy, though being
less efficient than these continuous relaxation methods; 2) For online setting, the proposed MGM-
SPFA outperforms compared methods IMGM®! on both synthetic and real datasets in accuracy and
slightly more time overhead. Moreover, our speedup version FastSPFA further outperforms IMGM!!
in accuracy, consistency and efficiency; 3) The experiments well support our numerical analysis i.e.
Assump. 1, based on which our methods are devised. When the accuracy of initial matchings X is
too low e.g. less than 10%, the improvement by iterations of our methods can be more restricted than
CAO!"!, or when the weight parameter is intentionally set too high e.g. 1 = 0.8. Note methods!”*!
will also fail given large A as already shown inl”!. Fortunately, these settings are hardly possible
since the employing off-the-shelf two-graph matching solver e.g. RRWM, RRWHM!!!: 38! can easily
obtain good initial X and our sensitivity study has shown the robustness of our methods to A, different
two-graph matching solvers, and scale of nodes for graphs to be matched.

All in all, this paper addresses the problem of multiple graph matching (MGM) by considering
both offline batch mode and online setting. We explore the concept of cycle-consistency over pairwise
matchings and formulate the problem as finding optimal composition path on the supergraph, whose
vertices refer to graphs and edge weights denote score function regarding consistency and affinity.
By our theoretical study we show that the offline and online MGM on supergraph can be converted
to finding all pairwise shortest paths and single-source shortest paths respectively. We adopt the
Floyd algorithm™! and shortest path faster algorithm (SPFA)!* 3! to effectively find the optimal path.
Extensive experimental results show our methods surpass state-of-the-art MGM methods, including
CAO MISM®!, IMGM™ and many other recent methods in offline and online settings.
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