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A study on the unified similarity law of the Richtmyer-Meshkov

instability for shock induced mixing enhancement in scramjet

ABSTRACT

The Richtmyer-Meshkov instability for shock induced mixing enhancement in scramjet was
investigated theoretically and numerically.

In the aspect of theoretically investigation, we analysed the availability of the vorticity transport
equation under micro-scale. The viscous source and its simplification was studied theoretically.
Additionally, we provided a new model for the prediction of the circulation deposition. The previous

models are either simplifications or transformations of our new model.

More importantly, the significant contribution of viscous source to the total circulation rate
is investigated. A new model for the prediction of the magnitude of viscous source is derived
theoretically based on the basic conservation equations across a single shock wave and the two-
velocity modification of the classical Navier-Stokes-Fourier equation set. In spite of the ignoring
of the viscous source in many previous studies, the present investigation shows that the viscous
source have significant contribution to the circulation deposition. We further divided it into the
viscous generation term and the viscous dissipation term to reveal the actual effects of the viscous
source in circulation deposition.

All the theoretical investigations are validated and verified by numerical simulations, which
illustrated the validity, availability and accuracy of them.

As for the numerical simulation part, the direct simulation Monte Carlo (DSMC) method was
employed. The Richtmyer-Meshkov instability in micro-scale was numerically simulated and in-
vestigated comprehensively. We mainly focus on the evolution of the flow configuration, vorticity
field, circulation and enstrophy in different scales. The break down of the similarity in small scale
is noticed and studied. Based on the qualitatively view of the dissipation and diffusion of the vor-
ticity, we further utilized the Gauss distribution to fit the vorticity distribution in our problem. The
introduction of a new parameter ¢ enables us to study the vorticity diffusion quantitatively. We
found that the change in scale will not change the magnitude of dissipation significantly, but will

affect the magnitude of diffusion remarkably.

KEY WORDS: the Richtmyer-Meshkov instability, circulation deposition, micro-
scale flow, vorticity diffusion and dissipation
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A STUDY ON THE UNIFIED SIMILARITY LAW OF THE
RiCHTMYER-MESHKOV INSTABILITY FOR SHOCK INDUCED

MIXING ENHANCEMENT IN SCRAMJET

The Richtmyer-Meshkov instability (RMI) for shock induced mixing enhancement in scramjet

was investigated theoretically and numerically.

The so-called RMI problem is the shock-induced gas interface instability. RMI problems exist
widely in nature. A better understanding of RMI problems will help us to understand these natural
phenomena more deeply and even make use of them. Academically, the RMI problem is a good
carrier to study the ultimate problem of aerodynamics, turbulence. In recent years, many studies
have been done through RMI to study turbulence. It also has a very wide application background
in the engineering field. The main engineering application background of this research is scramjet.
The air-breathing hypersonic vehicle has very important application prospects and potential value
in both military and civil applications. The only engine type available is scramjet. In scramjet, the
fuel combustion time scale does not match the internal flow time scale of the engine, resulting in
insufficient mixing of the fuel and gas, insufficient combustion and insufficient thrust. So how to
promote mixing has always been the focus of the researches. Due to the existence of a series of
shock waves in the flow field of scramjet, the interaction between air, fuel and shock waves the RMI
problem. Therefore, an in-depth understanding of RMI is of guiding significance to the design of

scramjet.

In the aspect of theoretically investigation, we analysed the availability of the vorticity transport
equation under micro-scale. The viscous source and its simplification was studied theoretically. It
has been found that the simplification of the viscous source will be unavailable under micro-scale
due to the crucial effects of the spatial gradient of the viscous coefficient, which has been ignored
for most of the investigations under macro-scale. The original form of the viscous was provided for
the calculation under micro-scale.

Additionally, we provided a new model for the prediction of the circulation deposition in the
Richtmyer-Meshkov instability. Our new model is a universal one, because the previous circulation
models are either the simplifications or transformations of our model. Among those models, the
baroclinic class ignored the viscous source of circulation deposition, which is the inherent flaw

of them compared with our new model. While the velocity class is based on the definition of
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circulation. They calculate the circulation by directly carry out the velocity integral along the region

boundary. They can be seen as the transformation of our new model.

More importantly, the significant contribution of viscous source to the total circulation rate
is investigated. None of the theoretically analysis on the circulation deposition in the Richtmyer-
Meshkov instability provided the magnitude of different sources (baroclinic source and viscous
source) in circulation deposition and we dealt with that problem theoretically. Based on the Navier-
Stokes-Fourier equation set, the governing equation of density and viscous stress inside the shock
wave is derived, namely, the NSF model. In consideration of the breakdown of the continuum
hypotheses inside a strong shock wave, the so called “two-velocity” theory was employed to
modify the NSF model. The energy conservation equation was modified and the TNSF model
was obtained. With this model, the solution of the viscous source of circulation deposition can be

obtained by carry out the integral inside the shock waves.

In spite of the ignoring of the viscous source in many previous studies, the present investigation
shows that the viscous source have significant contribution to the circulation deposition (up to 10%).
We further divided it into the viscous generation term and the viscous dissipation term to reveal
the actual effects of the viscous source in circulation deposition. The viscous generation term
mainly depends on the gradient of the viscosity coefficient, and has positive contribution on the
total circulation deposition. While the viscous dissipation term has negative contribution to it.
The previous understanding about the viscous effects is improper, because actually, it has positive

contribution to the circulation deposition.

As for the numerical simulation part, the direct simulation Monte Carlo (DSMC) method was
employed in consideration of the large local Knudsen number in our problem. The Richtmyer-
Meshkov instability in micro-scale was numerically simulated and investigated comprehensively.
We simulated the case of a moving shock interact with a step-like interface. Five cases with differ-
ent scales were set, with characteristic length varied from Spm to 1um. We mainly focus on the

evolution of the flow configuration, vorticity field, circulation and enstrophy in different scales.

As for the flow configuration evolution, the similarity breakdown phenomenon was observed
under small scale cases. The cases with larger scales can be clearly seen the development of strong
vortexes, and they are in good similarity. While the decreasing in scale induce the less obvious
of the vortex as well as the disappearance of the similarity. For the smallest scale case, there can

hardly be seen any vortex in the flow field.

Further, the vorticity field was investigated. The noise reduction was carried out, which is
proved to be efficient and convenient. For the cases with larger scales, the evolutions of vorticity
show high similarity. The negative vorticity induced by the interaction of shock and interface is
very concentrated during the development of vortex, the diffusion and dissipation of the vorticity

are all not obvious for those cases. While for the cases with smaller scales, remarkable diffusion
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and dissipation lead to the similarity breakdown of the vorticity field. For the smallest scale case,
the vorticity is remarkably decentralized, explaining the disability of the formation of vortex in the
flow fields. The similarity of vortex evolutions breakdown in those smaller scale cases corresponds

to the evolution of flow configurations.

As for the normalized circulations, the lines of different cases performed high agreement with
each other, while the normalized enstrophy for the cases with different scales show significant gaps.

That reflects the magnitude of vorticity dissipation and diffusion.

The variation of vorticity at a specific location in the flow field can be divided into two parts, the
first one is the variation of vorticity magnitude, which is the dissipation in the cases we considered
here after the interaction of shock and interface. Another part is the transformation of vorticity in
space, namely, diffusion. The circulation is the simple accumulation of the vorticity on the whole
domain, which can only reflect the difference in dissipation but not in diffusion. While the area-
weighted enstrophy is the accumulation of the square of vorticity. Under the condition of the same
accumulation of vorticity on the domain (same circulation), the more concentrated the vorticity is,
the higher the enstrophy will be. That can be simply understood in consideration of the mean value
theorem. Simply put, the change in scale will not change the magnitude of dissipation significantly,

but will affect the magnitude of diffusion remarkably.

Based on the qualitatively view of the dissipation and diffusion of the vorticity, we further
utilized the Gauss distribution to fit the vorticity distribution in our problem. The introduction of a
new parameter o enables us to study the vorticity diffusion quantitatively. Higher magnitude of o
is observed for smaller cases, revealing higher level of vorticity diffusion. That is the quantitative

proof of the previous conclusion about the vorticity dissipation and diffusion.

All the theoretical investigations are validated and verified by numerical simulations, which
illustrated the validity, availability and accuracy of them. Firstly, we validate and analyze the vor-
ticity transfer equation at micro-scale. It has been proved that the breakdown of the constitutive
equation is not significant even at the minimum scale of we studied. Generally speaking, the cal-
culated viscous stress of the constitutive equation is close to the true value based on the particle
movement. Therefore, it can be considered that the assumption of constitutive equation is applica-
ble in the scale range involved in this study. At the same time, it is proved that the simplified form
of viscous term in vorticity transfer equation is not applicable under micro-scale conditions. This
is mainly due to the neglect of the gradient of viscosity coefficient. This also indirectly confirms
the rationality of decomposing the viscous term into the viscous generation term and the viscous

dissipation term in our theoretical derivation.

Then we validate the our derivation about the single shock problem by numerical simulation.
The verification of the single shock circulation function shows that the analytical solution of the

circulation function given in the theoretical analysis section is accurate and reliable, which is almost
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the same as the results of numerical simulation. This indirectly proves that the circulation model of
RMI problem proposed in this paper is accurate and feasible. Finally, we validate the NSF model
and TNSF model proposed in the theoretical analysis part. The results show that compared with the
NSF model based on the classical NSF equations, the TNSF model and are much more accurate.
The simulation results are in good agreement, even for shock waves with high Mach number. The
results of the single shock viscous term function based on this method are also in good agreement
with the numerical simulation results, which proves the feasibility of the proposed TNSF model.
Therefore, the theoretical derivation part of this paper makes a very accurate and reliable prediction
for the single shock problem. Applying it to RMI problem, we can give the circulation rate and the

magnitude of the viscous term of a particular RMI problem.
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