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CAN BANDWIDTH SHARING BE TRUTHFUL

ABSTRACT

The popular peer to peer (P2P) system has built its success on the protocols that
allocate pooled resources fairly, such as in the P2P resource sharing system of Bit
Torrent and the crowd-sourcing mobile system of Open Garden. Equally important is
the issue whether participants could take the advantage of the protocols by

manipulative actions.

| consider a widely studied proportional sharing (PR) protocol and discuss incentives
and opportunities of a player to lie for personal gains. Specifically, 1 focus on
analyzing the case that one of player make a strategic move to misreport its utility
function by removing one or more of its incident edges. The main result is a proof
that a player deviating from the PR protocol by such a move will not make any

improvement on its utility eventually.

This result establishes new understanding in the studies of strategic stability of P2P or
crowd resource sharing protocols in Internet and mobile networks. Building on
discrete mathematical techniques, it resolves a long time unsolved problem whether
the proportional response protocol is truthful. It is the first, to the best of my
knowledge, non-trivial result on truthful mechanism for a practical network

bandwidth resource sharing scheme.

Key words: Truthful, Bandwidth sharing, Peer to peer system
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Chapter One Introduction

A peer to peer (P2P) networks is a decentralized and distributed network architecture
where individual vertices in the network (called "peers") act as both suppliers and
consumers of resources. Here the resources are shared among multiple interconnected
peers who each uses plum-for-peach (or tit-for-tat) mechanisms to make a portion of
their resources (such as processing power, disk storage or network bandwidth)
directly available to other network participants without the need of centralized
coordination ([18], R. Schollmeier, 2002: P0101-0101). Similarly, the rapid growth of
the mobile Internet has also provided an opportunities for wider applications of such
P2P systems, such as the one in my consideration, P2P bandwidth sharing among

users of the network.

Wu and Zhang ([20], F. Wu and L. Zhang, 2007: P354-363), motivated by P2P
application systems such as Bit Torrent, have pioneered a model of proportional
sharing with a proof of its fixed point as a market equilibrium of the P2P bandwidth
sharing network. A key technique in their study is an elegant mathematical structure
on the network called bottleneck decomposition. losifidis, et al., in the context of
crowd-sourcing mobile net such as Open Garden and Karma ([9], G. losifidis, L. Gao,
J Huang and L. Tassiulas, 2014: P451-459) have recently proposed incentive schemes
for such resource sharing protocol and put forth a challenge of truthful auction
mechanism design under this new setting ([10] G. losifidis, L. Gao, J. Huang and L.
Tassiulas, 2014: P20-27). Despite of the differences in applications, both are tackling
a problem under a distributed environment where autonomous agents make their

decisions on resource sharing, based on their own rational interests.
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My study consider the incentives of network participants, focusing on the proportional
response protocol (PR). The dynamics of which was studies in ([20], F. Wu and L.
Zhang, 2007: P354-363), where the stable state was shown to converge to a fixed

point equivalent to a market equilibrium solution.

More precisely, each vertex represents an agent, who is interested in the bandwidth of
its neighbors. The utility of an agent is equal to the total amount of bandwidth it will
acquire eventually. At the market each agent sells its own bandwidth. With the money
earned through the trade, it is in turn spent to buy bandwidth from neighbors for the
agent's own use. The price of the bandwidths may not be the same among all the
vertices. It is known that there is always a market equilibrium price vector under this
setting, and this Arrow-Debreu market equilibrium is always solvable in polynomial

time ([12], K. Jain, 2004: P303-318).

A crucial question comes up then to challenge the protocol in terms of the incentive
compatibility of the protocol's participants. It has been long known that incentive
compatible protocols and market equilibrium have significant differences in terms of
participants' incentives. In particular, for the linear market model, it is known that
agents have incentives not always to report their true utilities ([1], B. Adsul, C. S.
Babu, J. Garg, R. Mehta and M. A. Sohoni, 2010: P30; [4], N. Chen, X. Deng and J.
Zhang, 2011: P106-118). It was shown that some agent may be able to increase its
true utility function value by 100% if it reports a false utility function ([5], N. Chen, X.
Deng, H. Zhang and J. Zhang, 2012: P464-475). That prompted the definition of the
incentive ratio as the maximum multiplicative factor of the utility an agent may gain
by lying about its utility function. Though this does not disprove the truthfulness of

the PR protocol, it casts a shadow of doubt.

Failing to establish a general result for the incentive compatibility property from the

underlying market equilibrium model as pointed out in ([5] , N. Chen, X. Deng, H.
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Zhang and J. Zhang, 2012: P464-475), it worth asking whether this can be proven at a
more restricted sense. Would the agents motivated to truthful plays when only limited
manipulations are possible? In particular, could this be established for the

fundamental bandwidth sharing problem?

Then, what would create a possibility of improvement by cheating in the P2P
environment under the PR protocol? It is natural for a vertex agent to make a strategic
move to misreport its utility function by removing one or more of its incident edges,
an event that happens when a network connection is broken, or shut down for
different reasons. It may also be faked, for example, as a network service provided by
the carriers. In other word, the participating agents may intentionally lie about their
communication link if there is an advantage to gain. Seemingly immediately against
this potential strategic play, the PR mechanism plays a tit-for-tat counter measure to
tackle with that type of cheating. Would the measure be enough to make cheaters
non-profitable? I confirm such type of the strategy stability of the market equilibrium
under the PR protocol, even though cheating is possible to gain in general for a linear

market.

1.1 Technical Contributions

The bottleneck decomposition approach shaped in ([20], F. Wu and L. Zhang, 2007:
P354-363) for the convergence of the PR protocol derives a market equilibrium
solution immediately. My approach is based on this combinatorial structure. In fact,
the relationship between the bandwidth decomposition of the original network and
that in the structure altered network plays an important role in establishing the
non-increasing property for the utility of the cheating vertex agent who deletes an

edge or more.
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The network builds on an undirected graph G = (V, E; w) where each vertex owns a
bandwidth w; to be allocated to its neighbors. First a concept of bottleneck is

w(I'(B))

proposed to find the minimum ratio of over all subset B €V , where

I'B)={y: 3x € Band (x,y) € E} and w(B) = ).,.cpw(x). It is possible

that BN I'(B) # @. In case of a tie, one of maximal size (equivalently weight) is

chosen, and the solution is called a maximum bottleneck. The procedure is applied
again after removing B and I'(B), repeatedly until the remaining graph becomes

empty.

This elegant structure proves to be very useful in constructing the market equilibrium
solution. This structure of bottleneck decomposition can be found in polynomial time
proposed in ([20], F. Wu, L. Zhang, 2007: P354-363). For completeness, a proof is
placed in the fourth chapter. This direct approach makes a clear intuitive

understanding of the final solution.

Those results form the basis for my further discussion on truthful reports by vertex
agents on the availability of their communication channels to their neighbors. My
comparison of the utilities of a vertex agent in the original network and its altered
network is via a concept of the inclusive expansion ratio of set B in the definition of
the maximal bottleneck. The study requires an extensive study on the combinatorial

properties of the graph with respect to the bottleneck decomposition.

The result is quite unique and different from previous results in the linear market
where there are possibilities for an agent to cheat. The P2P setting provides a unique
model here. An especially different feature in the cheating behavior | consider here
will change the utility function of the cheater as well as its neighbor on the other end

of the deleted edge.
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1.2 Related Works

General equilibrium has had a deep impact on Economics as a theory. To some extent,
its computational aspect has helped to predict the consequences of economic policies
such as in the World Bank’s computable equilibrium studies ([3], T. Condon, H. Dahl,
S. Devarajan, 1986). The allocation of computational resources such as in the cloud
computing settings ([19], F. Teng, F. Magoules, 2010: P195-202) has also made
equilibria a possible subject of research at the moving frontier of the development of
information and communication technology. The computational complexity and
approximation issues of market equilibria were initiated in ([6], X. Deng, C
Papadimitriou and S. Safra, 2002: P67-71; [15], C. Papadimitriou, 2001: P749-753).
Algorithms of combinatorial nature was especially emphasized by Devanur, et al. ([7],
N. R. Devanur and C. H. Papadimitriou, 2002: P389-389) for linear utility functions
in Fisher's market. Jain ([12], K. Jain, 2004: P303-318) showed that the
Arrow-Debreu market equilibrium with linear utility functions can be computed
exactly in a polynomial time, and Y. Ye ([21], Y. Ye, 2008: P315-348) proposed an

interior method to solve it.

There is, however, a well-studied issue in the literatures of market equilibria, of agent
truthfulness in presenting its utility functions. Under Lange's setting ([13], O. Lange,
1967: P158-61), as an example, of market mechanisms at which the use a huge
computer program to compute an equilibrium based on economic agents' submitted
utility function, would one obtain a better utility by submitting a fake utility? Even
when the price is simulated in a market manner by a sequence of changes in the prices
in response to the market demand and supply, an agent may consistently report its

demand in accordance to the utility function it wants to pass over to the market
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mechanism instead of its true utility function.

The issue has been noticed in Economics community in the past and agent strategic
moves on the whole economy have been analyzed with respect to the global economy.
Hurwicz ([8], L. Hurwicz, 1972) showed that it is not possible to design an incentive
compatible mechanism that guarantees a market equilibrium outcome. After the prices
of goods are determined, a buyer choose to buy a bundle that optimize its utilities, and
the market equilibrium price vector is one that clears all goods in the market.
Therefore, its preference has an effect on the equilibrium price formation.
Misrepresenting the preference has an effect in the final equilibrium price and
allocation, as well as the cheater's own utility function value. However, such market
power becomes negligible in a large market where each participating individual has
little influence on the market: a line of research has focused on how incentives for
deviating from price-taking behavior decrease as the market grows ([11], M. Jackson
and A. Manelli, 1997: P354-376; [14], Y. Otani and J. SSicilian, 1982: P47-68; [16],
D. Roberts and A. Postlewaite, 1976: P115-127).

Within the algorithmic game theory community, Adsul, et al. ([1], B. Adsul, C. S.
Babu, J. Garg, R. Mehta and M. A. Sohoni, 2010: P30) and Branzei et al., ([2], S.
Branzei, Y. Chen, X. Deng, A. Filos-Ratsikas, S. K. S. Frederiksen and J. Zhang,
2014: P587-593) explored the issue false report of utility functions by the buyers at a
linear Fisher Market and proposed the Nash equilibrium game as a linear utility
function game on the market equilibrium outcomes. Chen, et al., ([4], N. Chen, X.
Deng and J. Zhang, 2011: P106-118) proposed a concept of incentive ratio. They
explored the issue of how much an incentive can be created to lure an individual agent
to falsely report its utility functions in the Fisher market. The maximum multiplicative
factor, named the incentive ratio, is proven to be exactly two for the linear market.
Those negative results on truthfulness under the market equilibrium environment

make the design of truthful algorithm impossible, and hence pose a challenge on the
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market equilibrium paradigm on how it can take strategic behaviors of buyers and

sellers into consideration.

For the crowd resource sharing network communication system, losifidis, et al., posed
the question whether it is possible to design a truthful mechanism so that the players
will truthfully report their sources for the community to share ([10] G. losifidis, L.
Gao, J. Huang and L. Tassiulas, 2014: P20-27). Under the special setting of P2P
network bandwidth sharing, Wu and Zhang ([20], F. Wu and L. Zhang, 2007:
P354-363) presented the proportional response protocol as a proxy for modelling the
Bit Torrent application and proved that the proportional response protocol converges
to an eventual distribution of bandwidth correspondent to a market equilibrium with
linear utility functions, i.e. the total received bandwidth from all its neighbors for the
participating agents. The result opens up the methodology of market equilibrium as a
tool for resource allocation in a distributed management system by selfish and rational
agents. At the same time, it also leaves open the possibility of agent manipulation

through cheating to deviate from the market equilibrium solution.

The strategic manipulation model of cutting an edge or more is quite natural. It has
been well studied in different settings such as kidney exchange RSU, where
compatibility of kidneys are desired by the protocol and a key question is whether all
the compatible pairs of kidney donor and patients are reported, in order to save as
much lives as possible. The setting in my model is slightly different but the game

theoretical structure between participants are very closely related.

1.3 Organization of Presentation

This work gives a positive answer to the challenge of truthfulness in the proportional
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response protocol for bandwidth sharing in P2P networks. In Chapter Two, |
introduce the proportional response protocol, the necessary concept and properties of
market equilibrium and bottleneck decomposition of a graph. I also present some
computational issues for the bottleneck decomposition and hence one for the market
equilibrium for the P2P communication problem. Even though the market equilibrium
for the linear market is known in the past, the one derived here is crucial for the
eventual stability proof. In particular, the strategic moves by an agent to remove some
of its adjacent edges will not only change its own utility but also that of its neighbors.
The tight bound of incentive ratio two [5] will then not applicable here. Based on the
particular market equilibrium solution derived from the bottleneck decomposition, |
prove the stability result in Chapter Three. | develop two main lines of analysis here.
One is to utilize the structural properties of the bottleneck decomposition of the
underlying graph, as well as that of the altered graph by an agent's cheating actions.
Another is the incentive analysis of the cheating agent. Those two approaches develop
a set of combinatorial structures delimiting the possible structures to a small set of
possible networks. After that, | give another approach to proof the main theorem in
Chapter Four, as an implement for just showing another train of thought when dealing
with structure of a graph. Finally, in Chapter Five, I talk about one of possible future
works based on this paper, the incentive ratio of bandwidth sharing, and also

conclusion in Chapter Six.

Chapter Two Definition and Terminologies

In this section, | introduce basic concepts of a P2P network model in the context of
bandwidth sharing, as established in ([20], F. Wu and L. Zhang, 2007: P354-363), to

which most of the related materials in this section is referred.
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First, a protocol of fair allocation is introduced, and in comparison, an economic
solution of market equilibrium. Next, I discuss the properties of a bottleneck
decomposition structure of a network associated with the market equilibrium solution.
Finally, I derive the market equilibrium solution from the bottleneck decomposition

and their computation.

2.1 P2P Bandwidth Sharing

Consider a connected network, represented by an undirected graph G = (V, E). Each
vertex v € IV represents a player with an upload bandwidth capacity w(v) > 0 to
be shared with its neighbors. Each edge represents a communication link. Let I'(v)
denote the set of vertices adjacent to v in graph G and x,,,, denote the fraction of
bandwidth v allocated for use by its neighbor u. Therefore, the upload bandwidth a
vertex v provides to a neighboring vertex u is w,, X x;,,,. X = (Xy,)yvev IS called an

allocation. And the vertex agents are also used to refer to the players.

As follows, the proportional response protocol is based on a particular fairness

condition.

2.1.1 Proportional Response Protocol

For each vertex u, the allocation (x,,, : v € I'(w)) of its bandwidth w,, is
proportional to what it receives from its neighbors (w,, X x,,, : v € I'(u)). The

protocol is known to have a fixed point.
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Alternatively, one may consider an economy model where each player i sells its own
bandwidth to its neighbors, and at the same time each player is also a buyer of
bandwidth from its neighbors for its own communication needs. It is assumed that

each player's utility is the sum of bandwidth it acquires from its neighbors, i.e., the
utility of v for an allocation X'is U, (X) = Xuer () Xu»Wu- One supplies its bandwidth

only for the communication needs of its neighbors. We now define the market

equilibrium in the economy model.

2.1.2 Market Equilibrium

Let p; be the price player i of its whole bandwidth, i = 1,2, ---,n. The price
vector p = (py, -+, Pn), together with the allocation X = (x,,,) is called a market

equilibrium if vv:,1 < v < n the following holds:

(1) Market clearance: (Xyerw) Xuy — 1) * Py = 0. All the bandwidth of v are
allocated or priced null.

(2) Budget constraint: ¥,.er ) XuwPu < Py The money player v should pay out must
not exceed its budget, i.e., what it gets from selling its own bandwidth at the market.
(3) Individual optimality: The solution X = (x,,,) maximizes utility }.,cr ) XuwWa,
subject t0 Y, er ) XuvPu < Dy and x,,, = 0 for each vertex v. That is, each player is

optimally happy for its allocation at the current price.
For the market clearance condition, the bandwidth one owns is either fully sold to its

neighbors or its price is set to zero. The latter may occur such as in the case of an

independent vertex in the P2P bandwidth sharing problem.

10



2.2 Bottleneck Decomposition

Consider an undirected graph ¢ = (V,E;w) where w: V — R, isa bandwidth
function on each vertex v. For any set S < V, we define w(S) = Y, esw(u) and

r'(S) = UyesI'(v) where I'(v) isthe neighborhood of v in G. It is possible

w(r(s))
w($)

that SN Ir(S) + @. Define «a(S) = referred to as the inclusive expansion

ratio of S, or the «-ratio of S for short.

2.2.1 Maximal Bottleneck

A vertex subset B < V is called a bottleneck of G if a(B) = mingc, a(S). Bisa
maximal bottleneck if for any subset B, we have B & B € V implies a( B) > a(B).

We also call (B,I'(B)) the maximal bottleneck pair.

2.2.3 Bottleneck Decomposition

GivenG = (V,E;w). StartwithV; =V,G; = G and i = 1. Find the maximal
bottleneck B; of G; and let G;,, be the induced subgraph on the vertex setV;,, =
V; — (B; U C;), where C; = I'(B;) n'V;, the neighbour set of Bi in the subgraph G;.
Repeatif G;,; # @ andsetk = iif G;.; = @. Then we call B

= {(B1,C;),***, (B, Cr)} the bottleneck decomposition of G, «; the i-th a-ratio

w(Ci) .o

and< a; = i = 1; 2; ---; k >the a-ratio vector.

T wB)

With these definition, we can get basic properties of the bottleneck decomposition,

some of which will be useful in my work and shown as following.

11
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Proposition 1. ([20], F. Wu and L. Zhang, 2007: P354-363) Given graph G, we have:

l0<a;<a, <<, <1,

2. If there is a pair (B,C) in G; such that% = a;,then B S B; and C < C;;

3. Ifa; =1,theni = k and B; = C;; otherwise B; is an independent set
and B; N C; = @;

4. Ui.q,<1 B; Is an independent set of vertices;

5. The bottleneck decomposition is unique.

Proposition 2. ([20], F. Wu and L. Zhang, 2007: P354-363) For the bottleneck
decomposition 8 = {(B4,C;);** ; (Bk,C)} of G:
1. There is no edge between B; and B; ,i # j = 1,2, k;

2. There is no edge between B; and C;, where j > i.

With those properties, a connection was established in ([20], F. Wu and L. Zhang,
2007: P354-363) from the bottleneck decomposition to the market equilibrium. First a
price vector is established:

1. foranyu € By, letp, = a;wy;

2.foranyu € Cj, let p, = wy;

3. Ifa, = 1,then foranyu € By = Cy, let p, = wy,.

The corresponding allocations of bandwidth of the vertices are determined by the

bottleneck decomposition, divided into three cases:

(1) For o; < 1, consider the bipartite graph G; = (B;, C;; E;) where E; = (B; X C;) N
E. By Proposition 1-(2), B; is an independent set in G. Furthermore the definition of
maximal bottleneck implies that for any subset B’ € B;, a(B") > «;. Let x,,,, be the
amount of bandwidth that vertex u € B; upload to v € C; along edge (u, v) € E;. By

the max-flow min-cut theorem, there exist X,, =0 for u € B; and v € C; such
12
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that Zver(u)nci Xyw = wy and Zuel"(v)nBl- Ry = Wy/a;. Let Xy, = a; X5, Which

means that Y., erwyng, Xou = Wy.

(2) When B, = C,, with a;, = 1, similarly we construct a bipartite graph G, =
(Bx, Bi; E) suchthat B, isacopy of By, there isan edge (u,v') € E}, iff u,v €
By and (u,v) € E[By]. Then, by Hall's theorem, for any edge (u, v) € E[By], there

exist Xy, suchthaty,crqynp! Tuvr = Wu.

(3) For any other edge, (u,v) € (B; X C;) U (C; X B;),i = 1,2, k, define X, = 0.

It is clear that the allocation defined above assigns all the bandwidth of each vertex to
its neighbors, we call it a feasible allocation. For this particular feasible allocation, all
available bandwidth are uploaded along edges in (B; X C;) U (C; X B;),i = 1,2, , k.

In addition, if we define x,,,, = X,,/w, and X = (x,,,), then

Proposition 3. ([20], F. Wu and L. Zhang, 2007: P354-363) (p,X) is a market
equilibrium. Specially, for any vertexu € B;,andv € C;,i = 1,2, ,k, the utilities

of uandvare U, = w(u) - a; and U, = w(u)/a;, respectively.
The price of the bandwidth is cheaper if a vertex is in the class B;, than any vertex
inB;,j >i,0rinC, 1 <t < k. Buta vertex in Bi is not accessible from any vertex

inB; U C;,j > i. The above pricing and allocation is therefore a market equilibrium.

Computing a market equilibrium can now be reduced to one of the bottleneck

decomposition.

13
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2.3 Computation of Bottleneck Decomposition

Since the linear utility Arrow-Debreu equilibrium is solvable in polynomial time ([12],
K. Jain, 2004: P303-318), it immediately derives a polynomial time solution for the
bottleneck decomposition problem. However, the structure of bottleneck
decomposition allows for a much intuitive mathematical interpretation for the analysis
of agent incentives. It was known ([20], F. Wu and L. Zhang, 2007: P354-363) that it
can be obtained by a parameterized network flow algorithm to compute the bottleneck
decomposition of G, directly without going through the linear utility equilibrium. It
finds a maximal bottleneck in current graph first, and then we can recursively the
algorithm iteratively to the rest of graph. We give a version of this approach

originated in ([20], F. Wu and L. Zhang, 2007: P354-363) to prepare for our

discussion for the truthfulness of this protocol in the next section.

2.3.1 Derive the Bottleneck Decomposition

We find the bottleneck decomposition by iteratively computing «;, B;, C;, i =

1,2,-- k.
Each step is one of finding a maximal bottleneck. Each step is divided into two phases.

At the first phase, we shall compute the minimal «-ratio of the current graph. At the

second phase, the maximal subset with the same minimal «-ratio shall be constructed.

2.3.2 Evaluating the Minimal a-ratio

Following the ideas in ([20], F. Wu, L. Zhang, 2007: P354-363), we guess a range for

14
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the a-ratio. Then we split the range in halves at each iteration. The max flow
algorithm is applied to decide which half of the range will contain the minimum

threshold.

Consider agraph ¢ = (V,E) and a parameter a. The new network N (G, @)
with Vy = {s,t} UV UV hasV asacopy of V. The edge set Ey of N is constructed

as follows:

(1) For any vertex v € V , create a directed edge (s,v) € E from source s to v with

capacity aw,,;

(2) For any vertex & € V, create a directed edge (#,t) € E from® to sink t with

capacityw,,;

(3) For any edge (u,v) € E, create two directed edges (u, ¥), (v;, @) € E with

capacity +oo.

The following results are established to make the binary search approach work.
Here B = {#lv € B}and I'(B) = {¥ : (&L, ¥) € E) where the latter is called the

neighborhood of B.

Proposition 4. For any s — t cut (S, T) in network N (G, ), the capacity of
cut (S, T) is finite if and only if S = {s} U B U I'(B) for any subset B € V. This
capacity isa(w(V ) — w(B)) + w(I'(B)).

Proof. First, if S = {s} U B U I'(B) , there are two kinds of edges in cut (S, T), we
must have:

(1) Edge (s,u) foranyu € B and the total capacity of these edges is a(w(V ) —
w(B));

15
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(2) Edge (#,t) forany & € I'(B) and the total capacity of these edges is w(I'(B)).
So the capacity of cut (S, T) is a(w(V ) — w(B)) + w(I'(B)), which is finite.

Conversely, if S # {s} U B U I'(B), then cut (S, T) must contain at least one of two
types edge: (u, ) or (v, %) foranedge (u,v) € E. Thus the capacity of (S,T) is

infinite. It's a contradiction.m

Let a* be the minimal a-ratio of all subsets of vertices in G. By Proposition 4, we
know that any cut (S, T) with finite capacity corresponds to a subset B S V. Next

lemma will tell us how to improve ato a*.

Proposition 5. Given network N(G, @), let * be the minimal a-ratio of all subsets of
vertices in graph G and cap™ be the minimal cut capacity of network N (G, a), then we
have:

(1) cap® < aw(V), ifand only if a > a*;

(2) cap* > aw(V),ifandonly if a < a™;

(3) cap™ = aw(V), ifandonly if a = a”.

Proof. Since the proofs for those results are similar, we show the correctness of the

first one in details. Let (S*, T™) be the min cut of the current network N(G, @) and B*

w('(B")

be the subset in G satisfying that ——= (B

= a". By Proposition 4, we know

thatS* = {s} U B U I'(B) forsome set B < V and its capacity is cap* = a(w(V) —

w(B)) + w(I'(B)). The condition cap* < aw(V) implies that W(rg))) <a.ln
addition, a* < a because a* < 2LE),
w(B)

Conversely, if a* < a, we construct a cut (S, T) where S = {s} U B U I'(B) based on

the subset B* < 1 with W(iéi))) a”. Then, the capacity of (S,T) iscap(S,T) =

16
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aw(lV)— w(B")) + wI'(B")) = aw(V) + (a* — a)w(B*) < aw(V).

Therefore, cap® < cap(S,T) < aw(V).m

It is assumed that the bandwidth amount (or the vertex weight) w,, each player owns
to be integers. Otherwise, we can always scale them appropriately to make them

integers.

Algorithm A: Computing the minimal a-ratio.
Input: Graph G;
Output: The minimal a-ratio a*of G.

Step 1. Seta := 0,b:= land M: = w?(V);
Step 2. Seta := - (a + b);

Step 3. Build network N (G, a);
Step 4. Compute the min cut (S*, T™*) with its capacity cap™ and obtain the

corresponding subset B < V/;

w(r®)

w(I'(B))
w(B)

w(B)

Step 5. If |

al < % then stop and output a* = ;
Step 6. Otherwise,
Step 7. If cap™ > aw(V), then seta := a, b := b and turn to Step 2;

Step 8. If cap™ < aw(V), thenseta := a,b := a and turn to Step 2.

Theorem 6. ([20], F. Wu and L. Zhang, 2007: P354-363) The minimum o-ratio can

be computed in polynomial time for a peer-to-peer network with all integer capacities.

2.3.3 Find the Maximal Bottleneck

Although a subset B € V' with minimal a-ratio @™ can be found in the above, it is

possible that such a set B may not be maximal. Since we have cap(S,T) =
17
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aw(V) + (a* — a)w(B*). Choose a = a* — €, we obtain cap(S,T) = aw(V ) —

ew(B™), which is minimized on the maximal bottleneck with appropriately chosen €,

1
such as —.
M

Chapter Three Incentive Compatibility in the Bandwidth Sharing

In Chapter two, a relationship between the market equilibrium and the bottleneck
decomposition is established. Such a bandwidth allocation approach then derives a
market equilibrium as a resource allocation rule for P2P network bandwidth resources.
A question occurs that, as a distributed network protocol, a player may or may not
follow the protocol at the execution level. Can players make strategic moves by

misrepresenting their utility functions for gains in their true utilities?

Specific to the bandwidth allocation problem, we consider such a way to lie that one
player may do by removing edges adjacent to itself. For simplicity of the presentation,
we consider the case one edge is removed. We comment that this would not reduce
the generality of the result as we can remove edges one by one at none of which steps

the true utility of the cheater would be proven to increase.

For simplicity of the presentation, we consider the case one edge is removed. We
observe that this would not reduce the generality of the result as we can remove edges
one by one at each of which steps the true utility of the cheater would be proven to be

non-increasing.

To prepare for the discussion, we first present two simple cases who are easy to

analyze in order to make the problem itself seem more understandable for readers.

18



(@) X FRdr¥

\/ SHANGHAI JIAO TONG UNwmuv CAN BANDWIDTH SHARING BE TRUTHFUL?

Then we give several useful structure properties important to our analysis in
Subsection 3.1, including the Basic lemma, the Key Lemma and the Main Lemma.
Next, we will study the incentive properties of an agent who would like to cut an
incident edge to increase its utility in the bottleneck decompositions of G and

G' = G — (u,v) inthe original and the resulting network before or after an agent

may change the network by deleting an edge of its own.

3.1 Two simple example for the problem

Here are two example to make the problem itself easy to understand. First let us
consider a graph of complete graph G = K;. Let us denote u = 1,2,3, and letw,, =

10*, then according to the definition of bottleneck decomposition, we can

decompose G to get 8 ={(B;,C;)}and B; = {3},C; = {1,2}as well as a; = % :

According to Proposition 2, we know that:
(1)Agent 1 gives all its 10 bandwidth to Agent 3;
(2)Agent 2 gives all its 100 bandwidth to Agent 3;

10 __ 1000

(3)Agent 3 gives its 1000 x 100 = bandwidth to Agent 1;
(4)Agent 3 gives its 1000 x 10+1000 19999 handwidth to Agent 2.

Meanwhile, according to Proposition 3, or derived directly from the previous result,

we can get that:

1000,

(1)Agent 1 gets a utility of 1o = T

11
100
10000

(2)Agent 2 gets a utility of - = :

11
100

(3)Agent 3 gets a utility of 1000 x % = 110.

19
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Now consider for instance agent 1 (or agent 2) break its connection with agent 2 (or
agent 1, respectively) in purpose. Such a strategic play is equivalent to the case that
we delete the edge (1,2) to get a new graph G’ = G — (1,2). If this happens, then the
new bottleneck decomposition @’ is exactly the same as @ of G, which means for

agent 1 (or 2) cannot get more utility from this behavior.

Things are a little different if another edge is deleted but the conclusion is the same.
For instance if agent 1 (or agent 3) break its connection with agent 3 (or agent 1,

respectively) in purpose, that isG’ = G — (1,3), then it is easy to check that new

bottleneck decomposition 8= {({1,3},{2})} and the a-value of each vertex is%. As a

oy 10 100 1000 T
result, agent 1 get a utility of 10 X = < and agent 3 get a utility
10 10000 .
of 1000 x YT 110. So agent 1 (or agent 3, respectively) cannot get more

utility from such a strategic play.

Similarly, if agent 2 (or agent 3) break its connection with agent 3 (or agent 2,

respectively) in purpose, that isG’ = G — (2,3), then it is easy to check that new

bottleneck decomposition = {{2,3},{1}} and the a-value of each vertex isl—io. As a

result, agent 2 get a utility of 100 x L =10 1000
110 11 11

, and agent 3 get a utility

1000

of 1000 x ﬁ =0 < 110. So agent 2 (or agent 3, respectively) cannot get more

utility from such a strategic play.

Now we have considered all the three cases of deleting an edge of G = K3, and none

of them will lead to an increase of utility for the vertex of the edge.

Another example is the graph showing in the Figure 1.
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Figure 1: A rather complicated graph for explaining the problem we consider.

In the original graph G there is an edge between vs = v and vg = u. According to the
definition ~ of  the  bottleneck  decomposition, we can get @
= {(B1,C1),(B2,C2),(B3,C3)} . In precise, By ={vy,v,},C; = {vs,v4},B; =

{vg}, C; = {vs,v9}, B3 = {ve} and C3 = {v;}. And correspondingly a; = % a, =

%and as = g So it is easy to check thata,, = a, =a, = g .Then v get a utility

=7.

ol RN

of 52 =%=%and vg get a utility of wg xgz 8 x
8 8

)

After deleting edge (vs, vg) to get a new graph G, its bottleneck decomposition 3
= {(B{' C{), (Bé'CZI)l (Bé; C.’;)} . In prECise’ Bi = {171,175,177}, Cll = {173,176}, Bé =

8

) 1+

{vg}, C; = {vo}, B; = {v,}and C; = {v,}. And correspondingly a; = 79 = %, a, =
Zand a; = % So it is easy to check that a,, = a; = gand Ay, = Ay = S.Then Vs get

a new utility of we x£=4x£=gandv8 getanewutilityofw8><2= 8><§=3.

Both v and vg get less utility after deleting the edge (vs,vg). That is to say the
strategic play of agent wvg (or agent vg) that it misreports a connection to agent vg (or

agent v, respectively) cannot result in an improvement for its own utility.
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3.2 Structure Properties of Bottleneck Decomposition @ and @’

Definition 1 (Bottleneck Decomposition). Let 8 = {(B4,C;), "+, (Bx,Cx)} be the

bottleneck decomposition of the original graph G and let the «-ratio

= xg‘; | = 1,2,-++, k. For pair (B;, C;) with a; < 1, each vertex in

of (B;, C;) be q;
B; is called a B-class vertex, and each vertex in C; is called a C-class vertex. For
the special case B, = Cy, i.e., a; = 1, all vertices in B, are categorized as both
B-classand C-class. DefineV, =V, V;p.y =V, —(B;U(C;)fori = 1,2,k —
1and G; forthe induced subgraphonV;,i = 1,2,---, k. Similarly, for the new graph
G’ after removing one edge (u, v) from G, its bottleneck decomposition may be
different from that of G. Letitbe 8" = {(By,C;), -, (B, Cx)} With a-ratio a;,i =
1,2,---,k". Similarly, V{ =V, V/,, =V/ = (B{u () fori = 1,2,--- k' =1

andG; = G'[V/],i = 1,2,- ,k'. Call vertices in B{,1 < i < k', B’-class, and those

of C's, C’-class.

Therefore, a vertex in Vi, with o, =1 (or a;, = 1) could simultaneously be

B-class and C-class (or B’-class and C’-class), in the case By, = Cj, (or By, = Cy,).

By Proposition 1, B-class vertices, except those in B;, with o, = 1, form an
independent subset of vertices. Edges are either between vertices from B; to C; (i =
J), or between vertices from C; to C;. Thus at least one of u and v must be a C-class
vertex in G. The following is an immediate result of the definition of the maximal

bottleneck.

Lemma 1. Given pair (B;, C;),if BS V;and C = I'(B) nV; then % > a;.

Specially, if B € B;and C = I'(B) n C;, then % > a;. Further, if let B = B; — B

w(C®) <a

C — . —
and C¢ = C; — C, then wEo = i
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Definition 2 (Edge (u, v) and Indices iy, iy, j,, j,)- Let (u,v) € E be cut to
obtainG' = G — (u,v).If u and v are in different classes, w.l.0.g, we assume
visin C-class. Let vertex u (and v, respectively) appear in pair (B, C;)at

stepl = i, (and! = i,, respectively) of the bottleneck decomposition of G.
Specifically, if both u and v are both in C-class, leti, < i,. Similarly, let vertex
u (and v, respectively) appear in pair (B;,C; ) atstepl = j, (andl = j,,
respectively) of the bottleneck decomposition of G’. Define j, = min{j,, j,}. In
addition, let I''(x) be the neighborhood of x in G’ and define I''(S) = Uyes I’ (x) for
setsS.

Based on Definition 1 and 2, the following results can be derived directly.

Lemma 2 (Basic Lemma). For the bottleneck decompositions @ and @/,
l.foranyl <t < j,, (B,C.) = (B Cp).
2. foranyl1<t < j, V/ =V,

3. a; < a;.

4.forany1 <t < j,B.n (UL, C).

5.forany1<t < j,B,n (UL, C)).

6./, < i, < iy

Proof. We first show the correctness of Item 1. Suppose to the contrary thatj < j, is

the smallest index such that (B/,C/) # (B;,C)).

S0 (By,C1) = (By,C1),+,(Bj-1,Cj_y ) = (B, Ga) and Vi = Vy, -+, V) = V.
Furthermore, the assumption thatj < j, = min{j,, j,} impliesthat u and v

cannot be in Bj’ and Cj’
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On the one hand, the fact that u, v ¢ B; U C; implies that B; < V; and C; = I'(Bj) N V.

we) _ wlc)
W(B],-) - W(Bj)

So (B}, C/) is a pair in G; which guarantees a; by Lemma 1. On the

other hand since V; = V,,I""(B;) N V/ = C; or C; — {v}. The second case happens

whenu € Bj; and any other vertex in B; is not incidentto v in G;. So (B}, (;)

W(C],') — 9 < W(Cj)
B

or (B;,C; — {v}) isapairin G;j and weh - Y S W)

Combining above two

wiep _ wicy)

w(B]'-) - w(B;)’

inequalities, we know So Proposition 1-(2) tells us that B; < B, Cj <
C; inG;and B; € B}, C; € C} inG/. Thus (B},C/) = (Bj, C;)which contradicts the

assumption.

Iltem 2 to Item 5 follow from Item 1. For Item 6, if i, < j,, then (B; ,C} ) =

(B, C;,) by Item 1. But the fact that v appears in (B, , C; ) ensures that j, < i,

which is a contradiction. Further, Definition 2 promises the correctness of the second

inequality of Item 6.m

Here we must note that Lemma 9 does not rule out the possibility that B; may contain

a C-class vertex, in particular, some a C-class vertexx # v inB},suchasx =

v, # v = vg illustrated in Figure 2. By the bottleneck decomposition rule,
By ={vy,v2}, G ={vs,vs}; B, = {vg}, C; = {vs, vo} and B = {v¢} and (3 = {v,}.
If edge (vs, vg) is deleted where vs = v and vg = u, then in the new bottleneck

decomposition of G’, By = {v;, Vs, v;}. S0 a C-class vertex v, # v belongs to B;.
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Figure 2: Bj; contains C-class vertex v, where the number in circle is the weight of

each vertex.

Next we introduce a technique, Dense Kernel Removal, for subsequent discussions.
The goal is to derive a contradiction to the minimality of the a-ratio of pair (B;, C;) in

the bottleneck decomposition if we suppose the desired result does not hold.

Definition 3 (Dense Kernel Removal). Given B € B; and C < C; for a pair (B;, C;) in

the bottleneck decomposition, let Cf = C; — Cand Bf = B; — B.If'(Bf) nV; <

Cf{ and % > a;, then removing the pair (B, C) from (B;, C;) would render a

pair (Bf, Cf) such that (( )) < a;, and hence a contradiction to the definition of the

minimum inclusive expansion ratio. We should denote it

by (Bf,C{) = DKR(B,C; B;, C;) for simplicity of presentation.

W(B)

Lemma3.Let® + C & C;and B = I'(C) N B;, then —= (C) >—

w(B)

w(C)
w(C)+w(cf)
w(B)+w(Bf)’

Proof. Suppose this claim does not hold for some B, C and «;, then

<— ie.,

then%c)) > aq;, LetCf =C; — Cand Bf = B; — B.We have a; =

Therefore =+ < ;. It is a case of Dense Kernel Removal, denoted as (B;, C{) =

w(cf)
w(Bf)
DKR(B,C;B;, C)).

By definition of B, for any vertex x € Bf we have I'(x) N C = @. Therefore I'(B{) N

w(r@Havy) _ w(cf)
weB)) T w)

V; € Cf and < ;. We find another pair (Bf,'(B{) N

V;)in G; such that its «a-ratio is strictly less than «;, a contradiction to B; being the

maximal bottleneck of G;.

The following are two important results proved by using the dense kernel removal
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technique.

Lemma 4 (Key Lemma). Consider the bottleneck decompositions @ and 3’

of G and G’. Each of the following conditions implies that for

any1l <t <k'witha, <1,B/n (U, C) = 0:

1. For the case that (u, v) € By, X C, witha;, = 1, u and v are both in C’-class
(Case 1);

2. For the case that (u,v) € B; X C; witha; < 1,i = 1,2,--+,k, v isin C’-class (Case
2), and

3. For the case that (u,v) € B; X C;,i = 1,2,---,k (Case 3).

Proof. Let t be the smallest index such that B; with @; < 1 contains a C-class vertex
x and suppose x € B{ N C; < V{ forsomel € {1,2,--, k}. We derive a contradiction

to the minimality of t in the choice of B;.

First we prove that I'(x) n B; € C{. The condition that v and u are in C’-class for
Case 1 shows that x # uand v because x is B’-class. For Case 2, u isa B-class
vertex and v isin C’-class guarantees that x # u and v. Therefore I'(x) = I''(x) in
Case 1 and Case 2. Asx € C, ifx € {u, v}, Byn I'(x) N {u,v} = @ in Case 3. We

have I'(x) N B; = I'"(x) n By in all three cases.

If I'(x) N B; £ C/, then there is at least one vertex y € I'(x) N B; = I''(x) N B; not
in C;. As x € B{, such a vertex y must be deleted in one of the first t — 1 steps in the

construction of B’ and it should be in either B;, or Cp, h € {1,2,---,t — 1}.

If y isin By, thenx € I''(y)must be in C;, and should have been deleted at
steph’ < h < t.So x could not be in V{ and this is a contradiction. If y isinCy,
then there must be another vertex z suchthatz € B, and (z,y) € E. The facty €

I'(x) n By which means that y isa B-class vertex indicates that z isa C-class
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vertex (B-class vertices being independent) or bothl = kand B; = C; (the only
other possibility). In both cases, we have found another B;, with index h < t which
contains a C-class vertex z, a contradiction implying that I'(x) N B; < C; for any

vertex x € Bi N C, 1 € {1,2, -+, k}.

Second, we partition B; (and C/, respectively) into two disjoint subsets as follows:

(1)B¢ = B{; U B{, where B{; = Ui_; Uye lnc, X} Biz = B{ — Byy;

(2)Ct = Cty U Cfp where Cgy = UfZ; Use Blnc, (' (X) N B); Cfy = C{ — Cy.

Fixingl: 1 <1<k, letCyp = U,c slncixX} € G and By, = U, lnc,(C(x) N

B;)) = I'(Csyp) N B;. Thus we have “Bsub) > 1 5 4 by Lemma 10. As a; < 1, it

w(Csub) aq

follows that% > 1 > a;. Therefore (Bf,, C5,) = DKR(B,C; B{,C{) which in turn
t1
w(Cta)

implies
P w(B{,)

< aj.

Further, by definition, all C-class vertices of B are contained in B/,.

Therefore B/, only contains B-class vertices and its neighbors are all C-class.

As all vertices in C/; are B-class, (I'(B,)NV{)NnC/,, =@and (T'(B,)NV{)c

CI . Then w (F(Bt"Z )th,) < W(CtIZ)
t2 w(B) ~ w(Bg)

< aj

Here another pair (B{,, I'(B;,) N V{) with B/, < V/is found such that the a-ratio is

strictly less than a. Such a contradiction concludes the Key Lemma.m
Key Lemma illustrates that if the conditions in Lemma 3 are satisfied, then there is no

C-class vertex in B’-class with a’ < 1. Symmetrically, we introduce the following

Main Lemma.
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Lemma 5 (Main Lemma). Consider the bottleneck decompositions @ and 3’ of G

and G. We have that if the case that (u, v) € B; X C;, and u, v are both in B-class

does not happen, then B, N (Ua;<1 Cz') =0, t=12,-,k.

Proof. If the claim does not hold, we choose the minimum ¢ such that the above
result fails, i.e. B, N (Ua;ﬂC{) # @. Thus thereisan index | witha; <1,1 <1<

k', such thatx € B, n (.

We claim that I''(x) N B; € V;. Otherwise, lety € I''(x) N B, — V; be deleted in the
first t — 1 steps. Therefore, y € C,, with h < t; otherwise if y € B;,, then x should
be in C,, and be deleted before step t. Hence there exists z € B, such that (z,y) €

By, X Cp,. If (z,y) € E(G"), then the fact that y € B; and a; < 1 implies that z is in
C’-class, a contradiction to the choice of t and x. Otherwise if (z,y) € E(G"),

thenz = uandy = v by the assumption that v is C-class. So the condition

that (u, v) € B; X C;, and u, v are not both in B’-class ensures that z must be in
C’-class because y = visinI'(x) N B; €S B;. S0z € B, N (Ua;<1 Cl’) with h < ¢,

which is a contradiction to the choice of ¢t and x.

Therefore, for any x € B, N ] with a; < 1, we have I''(x) N B] € V. It follows
that UXEBtnle,a{ﬂF’(x) N B; € C;. Let us partition B, (and C, respectively) into
two disjoint subsets B;; U B, (and C¢; U C;,) as follows:

(B = Uiy Usep,nc)a)<i{x}i Bz = Br = Buy

(2)Cr = Uiy UxeBtnCl',a{<1(F,{x} NBp); C = Ce = C

o . 1 _ / / _ li
Fixing [: we have Coup = UxeBtnCl',a{<1{x} c ( and B = UxeBtnCl',a{<1(F {x} n

B}) € I'(CL,,) N Bj. Then we obtain 2&sup) > L 5 1 py [ emma 3. It follows

w(Cqyp) — @
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that % > 1> a,. Therefore, (Byy,Cr) = DKR(Byy, Coy; By, Co) Which in turn
t1

. . (Ct2)
implies 2= < q,.
P w(Btz2) t

In addition, all B’-class vertices of B, are in B;, and all its neighbors are C’-class.
Especially if B;, contains vertex x from By,, @y, = 1, then x does not has
neighbors in B;, a; < 1. We know that all vertices have the same neighborhoods in
G and G’ except for u and v. Further condition in lemma excludes the case

that u € By, v € CiyWhich leadsto I'(w) € Ciy. SO(I'(Bi) NV) N Cyq =

w (I'(Be2)NV) < w(Ctz)
w(Btz) — w(Bg2)

@ and (I'(Bs,) NV;) € Cy,. Then < a;.
Here another pair (B;,, I'(B:;) N V;) with B, < V, is found such that its a-ratio is

strictly less than a;. Such a contradiction concludes Lemma 5. m

From Main Lemma, the following corollary can be obtained directly.

Corollary 1. Ifu € B; , thenu cannot be ina C’-class with a-ratio < 1. In the

following we show that the decomposition of G’ is equal to that of G if (u, v) € B; X

C,i=12- k.

Theorem 1. If (u,v) € B; X C;,i = 1,2,++,k, then B= 3.

Proof. First we shall prove that (B;, C;) = (Bj1,C;). Because (u,v) & B; X C;,i =
1,2,-,k,itistruethatk > 2ork =1andu € C;,v € C, with a; < 1. If the second
claim does not hold, then (u, v) € B; X C;. It's a contradiction. Thus a; < a; < 1.
Further, it is impossible that u € B;, otherwise v € C; which contradicts the

condition (u, v) & B; X C;. By Key Lemma-(3), we know that there is no any C-class
vertex in B;. Let us and partition B; (and C;, respectively) into two disjoint subsets
B1, U Bj, (and C3,; U Cy,) as follows:

29



7

Fa ~ ;
@) xwiard

N uAnGHA 10 ToNG UNIVERSITY CAN BANDWIDTH SHARING BE TRUTHFUL?

(1)Bj; = Ui“:z(Bi N B;); Bi, = By — By,
(2QCi; = Uf:z[F(B{ NB;) NCi]; Ci, = € —Cyy

Because I''(x) N C; =T'(x) N C; € I''(x) n V] forany vertex x # u,v € B;,i =
2, k,andT'(w) n C; < T'"(u) NV since (u,v) € B; X C;, we can get

that U¥_,[I'(B; N B;) N C;] € €, and such a partition is reasonable.

w(r(BinB;)nc;)

Fixing i: 2 < i < k, Lemma 8 ensures that -
w(B1NB;)

>a; > a; = a. It follows

that ::g; > o, if B, # @. Therefore (B}y, Cl,) = DKR(B.1, Ci1; B, C}) which in
11

w(C13)

turn implies that
p W(Biz)

< a;. In addition, all vertices in B;, cannot have neighbors

inC;,i >2.S0T'"(B1,) NV{ € Cy,. Then we can get a pair (B;,, I''(B12) N

w(T'(B1,)nVy) w(Ci5)
W(Biz) - W(Biz)

V) in G{ whose a-ratio <aj.

Such a contradiction indicates that B;; = @ which means that B; € B; and C; € C;. It
is easy to check that (B7, C;) is a pair in G, and (B, C;) is a pair in G; since any
vertex x € B; € B, cannotbeuorvand I'(x) NV, =T''(x) N V{. Thusa; = a; by

Lemma 8 and B; = B;,C; = C;. Moreover V, = V,.

We continue this proof on step i = 2, -+, i,,. Oneachstepi,V/ =V;and a; < a; < 1.

Thus B; only contain vertices from B-class by Key Lemma-(3). Especially for step i,,,

ifi, <i,thena; <1.Ifi, =i, thenu € C; = C; witha; < 1.Otherwise (u,v) €
B; x C; with a; = 1 which contradicts the condition. In both cases, a{y <
landV; = V;.Sowecanget(B;,C)) = (B,C)andV/ +1=Vi+1,i= 2,-,i,

by the same method.

Furthermore, the fact that v is deleted on step i, leads to all edges adjacent to v are
removed. So subgraphs G; = G;,i = i, + 1,---, k, and we can easily get
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that (Bll, Cil) = (Bi! Cl'),i = iv +1,--,k. m

We should emphasize that (u, v) & B; X C; includes two cases: Caseu € B; ,v €

C;, withi, <i,and Caseu € C;,v € C; Withi,, < i,.

3.3 Incentive Properties

In this subsection we propose the Strategy-proof properties of agent u and v by

analyzing different cases. It is easy to compute that there are totally 16 cases because
agentu can be in B, , C; , Bj or Cj andvcanbeinB; ,C;,B; or C; . Butaccording
to the assumption that u and v are in B-class and C-class respectively if

edge (u, v) is between different classes, it is not necessary to consider such cases in

whichu € ¢; and v € B; . In addition, for the cases in whichu € B; andv € B; , it

is only possible that (u, v) € By, X Cj, with a;, = 1. Thus u and v have the same

statuses in G and Case u € B;,v € B;,u € Bj ,v € (j isequivalentto Caseu €

B:

lu’

v € B;,u€Cj,v € B; Itisenough to discuss one of them. Here we should

point out that when such cases in whichu € C; or v € C; (u € C; orv € (j,
u v

respectively) are discussed, we mean its a-ratio (a'-ratio) less than 1. Because if

its a-ratio (a'-ratio) equals to 1, such cases would come down to Case u € B, orv €
By with a; = 1 (Case u € By, orv € By, with @' = 1, respectively). In the following
we will try our best to prove that u and v has no incentive to cheat by removing

edge (u, v) in the rest cases.

First we know that ifu € C; ,v € C; andu € B; ,v € C; Wwith i, <i,, then (u,v) &

B; x C; and 8’= B by Theorem 3. So U, = U,, and U,, = U,, for such cases in which
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thatu € Ciu,v € Civ andu € Biu,v € Civ with iv < iu-

We also get that any agent has its utility larger than or equal to its bandwidth if it is in
C-class (or in C'-class) and has its utility smaller than or equal to its bandwidth if it is

in B-class (or in B'-class) by Proposition 3.

Furthermore, if u and v are both in B-class, it is only possible that (u, v) € Bj, X
Cy with a; = 1 which implies that U, = w,, and U, = w,,. So U;, < U, and U, <

U, for Case u € By,v € By witha, =1andu € B; ,v € Bj .

Further Corollary 1 ensures the following cases cannot exist because w is in B-class

andu € C; withag < 1:

(1) Case u € By, v € By withay = Lu € (; ,v € ;
(2) Case u € By, v € By witha, = L,Lu € (; ,v € B} ;
(3)Caseu € B,v € CL,u € C; ,v EC;

(4)Caseu € B,vE C,u € ,vEB .
Next, we shall prove our main result for the rest of 2 cases in the following lemmas.

Lemma6. Ifu € B;,v € C;,u € B; andv € B; , then u and v both have no incentive

to cheat.

Proof. Because U, = aj w,, < :—" = U, agent v has no incentive to cheat. For

J iy
agentu if j,, < j,, then j,, = j, < i by Basic Lemma-(6). Because Basic Lemma-(3)
shows that a; < a;, and j, < i which implies a;, < a;, we have a;, < a; and U, =

aj wy, < a;w, = U,. Thus agent u cannot get benefit by cheating in this case.
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It is more complicated to discuss the utility of agent u in G’ if j,, < j,,. Our main idea
is to construct a pair containing w in V| whose a-ratio is smaller than «;. Thus we
can getthat a; < a; and U, < U,,. In order to obtain this result, the following results

are necessary and their proofs are shown in the next subsection.

Factl.Foreach1 <I1<i{CNBi=@andB, NC =@,j = jy, ", ju if(w,v) €

Bi X Ci with a; <1 andjv <]u

Fact 1 shows that no vertex in C; belongs to B; and no vertex in B; belongs to C;,
forl1<l<i-1andj, <j<j,. Therefore, we can

dEfine Blh = Bl — U?:ijj{;Clh = Cl - U?=jv qlih :jv:"':ju - 1.

Foreach h = ji, -, j,, — 1,iflet B = Ul_; (Bj n B;) and C = Ul; (C/ U C}),
then '(B)N C, = C.Soiflet B! = B¢ = B, — Band C/' = C¢ = C, — C, then Lemma

ltellsus, forl =j,, -, i—1,h=j, -, ju—1,

w(cl) w(cS) _
w(Bl) — w(BS) ~

< a <a;.(l)

But if [ = i, there is no such a nice result in Fact 1. Thus for h = j,, -+, j,, — 1, we

define B = B, — Uj-lzjv(B]f UG),Ct = — U} (Bj U (), and have:

W(Cih')
w(B]")

Fact 2.If (u,v) € B; X C; with a; < 1and j, < jy,, then <a,h=jy,,jy—1.

Now let us focus on V. Since B/*™* € V/ and C/*™* €V}, L = ji,, -, i, we

W(C)

define B = Ul_; B/* " and ¢ = Ui_; ¢/**. Then (1) and Fact 2 tells == oE =
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Further, all vertices in B,j“_1 only can be adjacent to vertices in C,{“, h=j, -1,
NV, . ThusI'(B* ") n V], < C foreachl = j,,-,i.
Sor'(B)nV/ =Cand(B,C)isapairinV; whose a-ratio is less than a;.

1 W(é) .
Thusa; < ) <a;.n

Lemma?7.Ifu € B, v € C,u € B; andv € Cj, then uand v both have no incentive

to cheat.

Proof. First we shall claim that if j, < j,,, then it must be

that j, = j, = i and (B;, C;) = (B, C;{). On the one hand, Basic Lemma-(3) ensures
that a; < a;, because V; = V; . On the other hand by Basic Lemma-(6), it is true
that j, < iif j, < j,. So at step j, of the decomposition in G, ifu ¢ B, , then all
vertices in B; have the same neighborhoods in G and G which means that I'(B; ) N
Vi, =Cj . 1fu€Bj thenwestillhaveT(w) nV;, = (I'(w) NV, )U{v}SC asve
Cj andv ¢ I"(u). Thus (B, C;)) is a pair in V; . It follows that ; > a;,. At the same
time, Basic Lemma-(3) ensures that @; < a;, because V; = V; . Therefore o =
a;,and B; < B;,C; < C; . Further the condition v € C; < C;, promises that v €

Cj, which means that j, = i. So at step i = j,, of the decomposition in G', (B;,C;) isa

pair in V. The result a; = ] shows that B; € B; and C; < C;. Combining the
previous result, we have (B;, C;) = (B;, C;) and j,, = j,, = i. Under this case,

U, = U, and U, = U,.
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Next let us discuss the case that j,, < j,,. Thus U, < Uy since j,, < iand aj < a;. But

it's much more difficult to analyze the characterization of agent v. In order to get the

ideal result, the following fact is necessary:

Fact 3. If (w,v) € B; X C; and j,, > j,,, v € C; , then there is an index j,, < j <
J»» satisfying:

(VB,NV/ =0 andC, NV} =@, h =1.2,-,i —1;

(2B, S V; andC, S V/,h=i+1,-,k,

@)aj = «a;;

(4 eV,

The proof of Fact 3 is presented in the next subsection. Fact 3 indicates that V; does

not have any vertex from UL (By, U Cp,), all vertices in U¥_;, (B, U Cy) are

contained in V" and some vertices including v in B; U C; belong to V. Based on the

result of Fact 3-(3), we know that a; > a; > a; since j, = j. Thus Uy, = <o

Jv @i

U, m

Up to now, all the 11 cases have been analyzed one by one and the following table is

a simple summary for this.

Table 3.1 Summary of Analysis for All cases

UEG veEG ueG ued Reason for Impossibility / Treatment
1 B, By B, B, v, <U,U, <U,
2 B;, B;, G, B Cannot exist by Corollary 1
3 B;, B;, G, G, Cannot exist by Corollary 1
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4 Ci, G, Bj B Cannot exist by Theorem 1
5 Ci, Ci, G, B Cannot exist by Theorem 1
6 Ci, Ci, B, G, Cannot exist by Theorem 1
(Biu' Clu) = (Bl,u ’ Ci,u)' (Biv' Civ) =
TG, G, G, G
(B, C ) by theorem 1
8 B;, Ci, G, G, Cannot exist by Corollary 1
9 B;, Ci, G, B Cannot exist by Corollary 1
0 B, C, Bj’ Bj’ Cannot EX.ISt F)y Theorem 1 |.f iy > iy
v v u v Dealt with in Lemma 6 if i, = i,,
(Bi,, Ci,) = (B, C; ), (B, Cy,) =
1 B, G B,

Jv (Bi,, Ci ) by theorem 1if i, > i,

Dealt with in Lemma 7 if i, = i,,

Based on the analysis above, the main result in the following can be induced directly,

except the proof for those three fact which will be showed in the next subsection.

Theorem 2. (Main Result) Given the bandwidth allocation mechanism obtained by
the market equilibrium from the bottleneck decomposition, no agent has incentive to

cheat by cutting off any of its incident edges.

3.4 The Proofs of Facts 1, 2 and 3

Factl. Foreach1 <1< iCNBi=@andB, NC; =Q,j = jy, ", ju, if(w,v) €

Bi X Ci Wlth a; <1 andj,, <]u
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Proof. We first show the correctness of the claim that B; n C; = @ for each j =
Jo»,juandl =1,---,i — 1. Obviously this claim holds for{ = 1, ---,j, — 1,
sinceV;, =V .
Now we shall prove this statement for [ = j,, ---, i — 1 by mathematical induction
method. When j = jy,, it is clear that V| = V; and foranyl > j,, B, € V; and C; € V; .
Especially for j,, < I < i, the neighborhood in B, of any subset of C; does not change,
thatis I'’(B; n C;) N B, = I'(Bj N C;) n B, € C} , because u and v are not

in By U Cy, j, < 1 < i. Suppose this claim does not hold for j = j,, then B; (and C; ,

respectively) can be partitioned into two disjoint subset B; ; U B; , (and Cj ; U C; ,,
respectively) as follows:
(1)Bj,1 = UiZj,(Bj, N C)), B, = B, — B} 1;

Jv

)G}, = ULZ},(P(B}, n €)1 B). Gl = G, = G

FiXing l:jv < [ < i — 1, Iet Csub = B]{v N Cl c Cl and Bsub = F(Csub) n Bl'

Thus 2Bsub) >1ls1>a by Lemma 3. Therefore,
w(Csyp) ag Jv

(B]{v 2

! /; / /; /; H - - - W(C]"VZ) /
Ci,2) = DKR(B; ;,C; 4; B, Cj ) which in turn implies (51.,) <aj,
v v v v v w ]_vz v
Also we know that there is no edge between B; , and C; ;. Thus B; ,'s neighborhood
v v v
in G; is contained in C; ,, thatis I''(B; ,) NV}, S C} ,. So we can get a new
pair (B} ,,I"'(B; ;) NV} ) with a smaller a-ratio. It's a contradiction and this claim

holds for j = j,,.

If this claim is true for j = j, + 1,---, j,, — 1, then let us discuss the case that j = j,.
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Suppose to the contrary thatx € B N C; # @,1 = j,,-+,i— 1. Then'(x) N B, €V} .
Otherwise at least one vertex y € I'(x) N B, should be deleted before step j,,. Since
all B}, j = jy,*+, ju — 1, only contain vertices from Cy,, h > i, and By, h > j,,, there is

no any neighbor of y in B;. Thus such a vertex y cannot be a C'-class vertex and it

only can be in some B;. Thus under this situation, as a neighbor of , vertex x should

be deleted at step j < j,, while not at step j_u. It's a contradiction.

w(I (x)NBy)

SinceI'(x) N B; < Vj; and > 1, we can remove all such vertices

Wyx

from B; and their neighbors in B, from C; to get a new pair with a smaller a-ratio. So

this contradiction shows this claim is correct.

Further by applying the first claim, we can induce that B, N C; = 9,1 <[ <i—
1andj, <j < j,. Otherwise if x € B, N C; # @, then there must be a
neighbor y of x in B;. Since x € By, all its neighbors only can be from Cp,, h < L.

SoyeC,NBj#0,1<h<i-1andj, <j < j,, which contradicts the first

claim.m

ch
Fact 2. If (u,v) € B; X C; witha; < 1and j, < jy, then vaEBlhg

<ayh=j o ju 1.

Proof. We shall prove this claim by the Mathematical Induction Method. First at

al

step ji, of the decomposition in G, V| =V ,a;

i@ < a; by Basic Lemma and B]fv may
have vertices from B;, 1 > j,, Cp, h > i, by Fact 1. Thus B; (and C; , respectively) can

be partitioned into two disjoint subset B; ; U B; , (and C ; U C; ,, respectively) as

follows:
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(1)Bj,,,1 = B]{v n CirB]{,,Z = Bj’v - B]{,,l = [U{c=j,,(B](,, N Bl)] U [Ullft=i+1(B]{1, N Ch)];

/ (B NnC; I
(2)6‘1.171:1"(11; )anv,ijz—CV C

Since j, < ju < k', aj < 1.Further ¢/, =T'(B; nC;)nV; =T (B, nC;)NB;—

{u} because v € B; ;. There is no any edge between B; and B;, | = j,,, and no any edge

between C, and B, h > i + 1. ThusI"'(B} ,) NV} € C;

7,2+ It follows that

I ! ! H H H 4
i, as(Bj,,I'"(Bj,)NV/)isapairinG; .

Therefore (B; ,,C; ;) = DKR(B] Cj,) which in turn implies that

v2’ Jvz' Jv

1A
a;, < 1.

Now let us focus on B; and C;. Similarly B; (and C;, respectively) can be partitioned

into three disjoint subset B;; U\B;, U B;3 (and C;; U C;, U C;3, respectively) as follow:

(1)Biy = Bj N By, Bj = I'(Ciz) N B; — {u}, Biz = B; — Bij; — By;

(2)Ciy = I'(Bi1) N C;, Cip = Bj N C;, Ciz = C; — Ci — Cp.

w@i) _ W(Gha) _ 0

w(Cip) W(BJ’-VI) v

It is obvious that v € C;; = B; ; and B;; = Cj ;. Thus

1 which implies that EC‘Z; > > 1 > a;. In addition combining the fact
lZ
that 2 > 4. we have 2 ‘3) < a.
w(Bi1) w(Bi3)

Because B;; = B; — (B}, U C},) = B/ and Cj3 = C; — (B}, U C},) = C/*, this claim

holds for h = j,.

Suppose this claim is right forh = j, + 1,--,j — 1,j < j,, — 1. Let us consider
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step j of the decomposition in G". Since j < j, < k', we have aj < 1.
Similarly B; and C; can be partitioned as:

(LB}, =B/ nC/™",Bj, =B/ —Bj; = [UL, (Bj n B/ ")) U [Uk_i11(Bf n CL7H];

’ 8% j—1 1ol ’ ’
(C,=r'(Binc/7")nV/,Cj, =C - Cj,.

By the same reason, we know I''(B},) NV € Cj,. So

as (B}, I''(Bj,) N V) is a pair in V/. Therefore (Bj;, C};) =

c!
DKR(Bj,, j’z;B]f, Cj’) which in turn implies that W( ’1) < a]f < 1.

w(8),)

Now consider the partitions of B/ ™" and ¢/ ~*:

2

(B =B nB/ L BL =€) n B/ -, B = B/ - By - BLT

@cit=rB Y nc) e =B nc et =l - Tt -l

. . B_J_l c!
It is obvious that C,* = Bj; and B, = C/;. Thus :( n) _ wlo)

CRRECA

j-1 j-1 -1
wlei ) >1>1>q > v ) In addition, w(ei)

w(Bifz‘l) o ' W(Bl.j_l) W(Bl.jl_l)

< a]f < 1 which

implies that

o(cl)
o)

than «;. Therefore (B ", ¢/ = DKR(BL ' u B, ¢/ " u

otherwise we can construct another pair in G; whose a-ratio is strictly less

j— j— j— L . . w(cit w(cl™ -
¢, B/ 7, ¢/ 7 which in turn implies that (c7) lj_l) < a;. Because B}, ' =
w i

RO

B/ and ¢/ = ¢/, this claim holds for h = j.
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So by the Mathematical Induction Method, Fact 2 holds. m

Fact 3. If (u,v) € B; X C;and j, > j,,, v € Cj , then there is an index j,, < j <
J, satisfying:

(VBynV/ =@and C, NV =@,h=1,2,-,i— 1,

(@B, cV/andC, €V, h=i+1,-,k;

Q)aj = a;;

4 eV,

Proof. Since (u,v) € B; X C;,a; < 1andvisin C'-class, each B/ with a; < 1 only
contain B-class vertices by Key Lemma-(2). First let us consider step j,, of the
decomposition in G'. Because j,, = j. < i,V;, =V; ,B, € V] andC, €V} ,l =

> T u
-, k. Further ¢; < a;. Otherwise j,, = i and (B;, C;) = (B, C{) which means
that j, = Jy. It's a contradiction. Based on the fact that a; < a;, B and C; can be
proved that it does not contain any vertex from B;and C; forl =i+ 1,---, k, by using
the Dense Kernel Removal technique. If not, B; (and C; , respectively) can be
partitioned in a similar way as before:
(1)Bj 1 = UL i+1(Bj, N B)),B; , = Bj — Bj 1,

(2)C,1 = Ukisa (I (B, NB) N €, Gz = Cf, = Gt

Becauseu ¢ B;,l =i+ 1, ,k,andC, €V, I''(Bj NB;)NC, =TI(Bj NnB)NC.

W(C;ul)
;

Thus w(r(B]’-unBl)ncl) o u s
W(Bjul) l

(5}

> a; > a; by Lemma 1 which leads to

and (B; ,,Cj ,) = DKR(B; 4,C; 1; Bj ,C; ) with ueh )<a . We also know

W(Bful)

@,
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that all vertices in B; , are from B;, L = j,,,---, i, as B; only contains B’-class vertex.
Ju?2 l u Ju

Moreover, there is no edge between B} , and C;,1 > i.SoI'"'(B} ;) NV}, S C} ,.

There is a pair (B; ,,I"'(B; ;) N V},) in G whose a-ratio is less than a; . It's a

contradiction. S0 B, € V; ,and G, €V iy, l=i+1,- k.

In addition, if we let By, = B/ N B;and Cy,,, =I'"'(Bj, N B;) N C; S C},

W(Cs’ub)
W(Béub)

that I'"(B; N B;) N C; = I'(Bj, N B;) N C; — {v}. Otherwise if E S“bg > q;, then we
Bsup

also can apply the Dense Kernel Removal technique to obtain a new pair

then Bg,,, # @ since u € B; N B;. We can conclude that < a; which indicates

whose a-ratio is less than a; by excluding Bg,;, and C¢,,;, from B; and C; ,

respectively. It's a contradiction. So v ¢ C; and mustbe inV; ,,

Continue the decomposition process in G', there are some vertices in B}, = jy, -+, i,

being deleted. Consider at any step j, if V; n B, = @ foreach [ < iand a; = a;, then
just is the index what we want and this claim holds. Otherwise, a; < a; and V;' n

B, = @foreachl <iorV/ nB, # @ forsomel < i. We only need to show

thatj < j, for both of those two cases and we can still continue the decomposition

process until at a new step j', B, N B, =@foreach! <iand a, > a;, then j" will be

the desired index.

To prove the conclusion, we first claim that a; < a; for both cases. Obviously, it is
true for the first case. For the second case, let t < i be the smallest index such

that V;/ n B, # @. So B, and C, can be partitioned into:

(1B = U;l:u(Br’l NB:),By; =By — By = By N le;
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(2)Cer = U} (I'(BL N B) N V), Cp = C = Cey.

Because all vertices in B, have the same neighborhoods in G and G',I'(B:;) N C; =

C f C
W€ < g, < a; since &)
w(Btz)

C;1. Lemma 1 ensures that

> a;. The smallest index
w(Bt1)
guarantees that B, N V;' = @and C; NV = @,1 < t. So the neighbors of each vertex

in By, which are restricted in V' must be in C;, and we find a

pair (By,, Crz) in V' whose a-ratio is less than a; which implies that a; < a;.

For both two cases, we also can prove that B, N Bj =@and ;N ¢/ = @,l =i+

-, k, by using the result that a; < a; and the Dense Kernel Removal technique.

) ) . w(r'(BjnB;)nc;) o,
ThusB, cViand G, Vi, l=i+1,-,k. Slmllarly—< a;if B NB; #

w(BjnB;)
@. Otherwise, we can obtain a new pair with smaller a-ratio by excluding B; N
B; and I"’(B]f N B;) n C, from Bj and C;, respectively. In order to show v ¢ C;, we

shall let Bsub = U{1=]u(B’,l N Bi)’ CSub = U (F (Bh N B: ) N Vh) So WiCsub) w(Csup) _

(Bsub)

S, w(r' (BhnB)nC)

S w(Bpns)

< a;. Butifv € C, then Cgyp, = I'(Bsyp) N C; even though w is

W(Csub)

not adjacent to v in G'. Under this case, e ) >

a; by Lemma 1. It's a contradiction

and v € V//,,, which means j < j,. m

Chapter Four Other Approach

Up to now, all the possible cases have been considered so that my proof is complete.
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However, the technique Dene Kernel Removal is such a powerful tool for analyzing
the structure of a graph that some other approach for part of my conclusion is found.
In this section, | deal with the problem from another point view and give the
corresponding proof. Note that part of this proof is just the same as the one in Chapter
Three, so that this chapter is just a supplement for presenting an original idea about

analyzing the structure of a graph.

In Subsection 3.3, the situation that one delete an edge (u, v) in G is split into eleven
cases according to the classification for the two vertices in G and G’. However, if we
only consider the classification for the edge (u, v), the situation can be split into three
subcases, which does not match in those eleven cases exactly. In precise, they are:

(1) (u,v) € B; x C;witha; <1 forsomei € {1,2, ..., k};

(2) (u,v) € By X C, With ay, = 1;

(3) (u,v) ¢ B;x C;forvi e {1,2,...,k}.

To make the problem clear, here I first show the relationship between these three

cases and the analysis in Chapter Three. And for the convenience of discussion, the
new three cases are called edge-cases, and the previous eleven cases are called
vertex-cases in this chapter. It is easy to see that vertex-cases (1)-(3) are all belong to
edge-case (2), and conversely, they are all possible subcases for edge-case (2). At the
same time, vertex-cases (4)-(7) are all in edge-case (3). However, vertex-cases (8)-(11)
may be in either edge-case (1) or edge-case (3). Meanwhile, vertex-cases (4)-(7)
together with vertex-cases (8)-(11) are all subcases in edge-cases (2) and (3). As for
my proof, it is obvious that the Theorem 1 in Chapter Three is exactly a proof for
edge-case (3) so that there is no need to present such proof in this chapter. And the

Lemma 2-5 are also needed for the following proof.
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41 (u,v) € B; X C; witha; < 1 forsomei € {1,2, ..., k}

In this case, it is possible that after (u, v) € B; X C; is deleted, the bottleneck

1 ) =
/el ™\ J-'n 3 Bl .
T~ [ ul 1 g T4, . TNB3
f 1 \C2 \ ~ - I ) / \
Bl > + s o N | £ — T he—At—a—1»
|, | X\ e et —fe) ' N5/ 10 5

o — \B3/ \C3/

decomposition of G’ becomes different (see, e.g. Figure 2 and 3). The main reason is

that the neighborhood of u in C; and the neighborhood of v in B; will change.

Figure 2: One case showing that the bottleneck decomposition of the graph before and
after deleting the edge (u, v) are different. It is easy to see that in the original
graph G,u are in B, and v are in C,, after deleting the edge (u, v), u becomes a vertex

of B,"in G', and v becomes a vertex of Bs’.

C8/5 B3 D

Figure 3: One case showing that the bottleneck decomposition of the graph before and
after deleting the edge (u, v) are different. It is easy to see that in the original
graph G, u are in B, and v are in C,, after deleting the edge (u, v), u becomes a vertex

of B," in G', and v becomes a vertex of B’

To prove that u and v cannot improve their utilities by deleting edge (u,v) € B; X
C;,i =1,2,--,k, the idea consist of two phases. First, we develop an understanding of

feasible configurations, by Lemma 2 and Lemma 4. Next, we apply incentive analysis
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to u and v to show neither of them can gain in utility. However, after the first step, the
rest cases match the condition in Lemma 6 and Lemma 7 exactly, so it seems that we
can omitted the precise proof. It worth mentioning that although the proof for the
edge-case (1) is nearly the same as the one for vertex-cases, they are showing two
different kind of thinking when dealing with the structure of a graph, based on the

properties of vertices and of edges.

4.2 (u,v) € B, X C,, witha,, =1

Since a;, = 1, we know that B, = Cy, and for u, v € By, = Cy, they have the same
status. Thus the case j,, < j, is equivalent to j,, < j, and it is enough to discuss two

cases that are j,, < j, and j, = j,.

4.2.1Casej, <Jj»

Here we first show a lemma the properties of u € G’.

Lemma 8 In the bottleneck decomposition of G' = G — (u, v) where (u, v) € By X

C, with a;, = 1, if j,, < ji,, then u must be a B’-class vertex

W(F(B]'-unck)an)—w(v)

HORTY

in G’ and < 1.

Proof. Since j,, < j,, Lemma 2 guarantees that Vj; =V;, and a]fu < 1. Suppose to the

contrary that w is in Cj’u, then at least one of its neighbors, say x, must be in Bj’u. Thus
such a vertex x only can be from C;, i = j,, -+, k. Without loss of generality, define:
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(1)B],u1 = Uf:ju(B]{u n Cl) ’ Bj,uz = B]!u \ B],ul’

(G2 = ULy, T(Bj, N C) N Bi, Gia = G\ G

Note that j,, < j,, vertex v does not appear in (B; , C; ). So for any vertex x € B; N
Cy, it could not be vertex v and u and its neighborhood in By are preserved in V; even

though (u, v) is deleted. Thus B; ; and C; , are well defined.

IfweletC =B/ nCandB =T(Bj, nC)nB foreachl=j, -,k then% > 1.
HY W(CJ{ul) / H i i W(C]"uz) /

In addition, we have —*= = 1 > a; which implies that ——*= < «; . On the other
w(Bf,a) " w(Bho) ~

hand, it is obvious that all vertices in B; , are from B;,i = 1,---,k — 1 and

Proposition 2-(1) promises that there is no edge between B; , and C; ;. Thus the

GCAAP

neighborhood I"(B; ,) NV is contained in C; , and we have - )
w u u w ju2

W(C]{uz)
W(BJ,'uZ)

< aj . It's a contradiction. Furthermore, we know there is no u's neighbor

in B , which leads to that u could not be in C; .

For the second statement, we know thatu € B; N Cy and vis notin C; .
Otherwise I'(B; N Cy) N B, S C;, and we can decrease a; by removing B; n
Ceand I'(B; N Cy) N By from B; and C; , respectively. So I'(Bj N Cy) N By —

wyec,.

w(r (B}, NCk)NB1)-w()

o(Ffune)

But if >1> a]fu, then we can get a new pair with a
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smaller a-value by deleting all vertices in B; n C, from B; and all vertices

inI"(B}, n Cy) N By from C; , respectively. It's a contradiction. m

The result thatu € B; and a;, = a; < 1in Lemma 8 leads to the following result

directly.

Corollary 2. In the bottleneck decomposition of ¢' = G — (u, v) where (u, v) € B, X

C, with a, = 1, if j,, < ji,, then u's utility U}, < U,,.

It is obvious that if v is still a B'-class vertex in G’ when j,, < j,, then its utility also
cannot be improved. So next we shall focus on situation that v is a C’-class vertex

if j,, < j,, and the following claims are necessary.

Lemma 9. In the bottleneck decomposition of G' = G — (u, v) where (u, v) € By X
Cy with a;, = 1, if j,, < ji,, thenany B;, j = j,, -+, j,, does not contain vertices

fromC,l = j,, -, k—1.

Proof. By the proof in Lemma 8, it is easy to see that B; does not contain any vertex

in C;,1 = ji,, -, k — 1and this claim holds for j = j,.

Suppose this result is correct for j = j,, + 1,-+-, j, — 1 and we consider the case j = j,.

Assume that there is one vertex x € B} N C;, # @,1 = jy,--,k —1,then'(x) N B, ©
Vj; . Otherwise, at least one vertex y € I'(x) N B, is removed before step j,,. Since
any B]f,j = juw **,J» — 1, does not has the vertices from C;, 1 =, j,, -, k — 1,

then y can not have neighbors in B; and it only can be a B'-class vertex. But once y is

in some B;,j < jy, then vertex x should be in C; and be deleted before step j, which is
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a contradiction.

Since I'(x) N B; € V; , then we can partition B; and C; as follows:
(DBj,1 = UiZ,(Bj, N C1), Bj,2 = Bj, \ Bj,1;

()¢, = U5, (B, N C) N By, iy =C, \ Gy

(F(Bll'vz)nvflv) < W(CJ{UZ)

By using the same method in Lemma 8, we can get that z - -
W(ijz) W(ijz)

a]fv. It's a contradiction and this claim holds.m

The important role of Lemma 9 is that it indicates that it is possible that B; N C; #
®,j = ju . Jp — 1,and if visin C; , its neighbors in B; only can be from B, = C.

The following result shall state that if v is a C’-class vertex, its a-value cannot be less

than 1.

Lemma 10. In the bottleneck decomposition of ¢’ = G — (u, v) where (u, v) € By X

Cr withay = 1,if j, < j,andvisinC; ,thena; = 1.

Proof. Suppose to the contrary that a; < 1. For convenience, define disjoint sets:
(1) 4;, =T (Bj, N Cy) N By — {v};

(24,41 =T (B} 41 N Cx) N By — 4;;
— jv_l
(3)4;, = I'(Bj, N C) N B — UJZ, A;.

Based on the assumption that ; < 1, all sets B; N Cy, j = jy, ***, ji,, are independent
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and by the same method in Lemma 8, we have w(4;) < w(Bj N Cy),j = ju =" Jiv-

Therefore we get 25": w4 < 25": L w(Bj N Cy).

More importantly, if we let C = Uj:”:ju(Bj’ N Cy) € By = Cy, then Uj:":ju Ai=T()n
By, since v € A; . But we know states that w(I"(C) N By) = w(C) which leads to a

contradiction. So “fv =1.m

Obviously, the following corollary can be obtained directly from Lemma 10.

Corollary 3. In the bottleneck decomposition of G' = G — (u, v) where (u, v) € By, X

C, with a;, = 1, if j,, < ji,, then v's utility U, < U,,.

According to Corollary 2 and 3, we get our result for edge-case (2) that
neither u nor v will not improve its utility by deleting the edge (u, v) under the

condition of 4.2.1.

4.2.2Casej, = j,

Similarly, we first present a lemma showing the classification of uand v in G'.

Lemma 11. In the bottleneck decomposition of G' = G — (u, v) where (u, v) € By X
C, with aj, = 1, we have:

(1) if j, = j, =Jj < k, thenu and v are both B'-class vertices;

(2) if j, = j, = j = k, then u and v are both B’-class vertices or u € B;, = C;, = By, =

Ck,UEB;c:C];:Bk:Ck.
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Proof. (1) We still discuss four cases based onu € C; or Bj,v € Cj or B;. It is worthy

to note that the condition j,, = j, = j < k makes us conclude that @ < a; < a; = 1.

Case 1: u € Cjandv € C;j. Then B; is an independent set and it only contains

vertices from B;,l = 1,---,k — 1 by Lemma 4. But since u and v are in Cy, their

neighbors must be in C;,l = 1,---, k, which means that there is no u and v's neighbors

in B]f and u and v cannot be in Cj’.

Case 2: u € Bjand v € (. Since v € Cj, then I'(w) N By € C; even though (u, v) is

deleted. In addition, I'(Bj N Cy) N By S C/. Thus we can partition B; and C/ as
follows:

(DBjy = Ui, (B NG5 Bj, = Bj \ Bjs;

)¢y = Ui, F(Bj nC) nBy; Gy = C\ G

w(r(Bjnc,)nB))

By applying the statement w(Enc)

>1>aj,l=jy,-,k, and we can geta

new pair (B;

75, I'(Bj,) N V') with a smaller a-value by removing all vertices

in B/, from B; and all vertices in C;, from ;. It's a contradiction.
Case 3: u € Cj and v € B;. This case is equivalent to Case 2. So the proof is omitted.

Case 4. u € Bj and v € B;. For example in Figure 4, we can get B; = {v;},C; =
{Vz} Wlth a, = Z and B2 = CZ = {v3, V4, "‘,v7} Wlth a, = 1. If (u, 17) = (v4_, 173) IS

deleted in G', then B] = {v,,v3,v,} and C{ = {v,, vs, V6, V7 } With a; = %
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Figure 4: One case of deleting an edge (u, v) € By, X C; with a;, = 1 from the

original graph G to get G’ in which u and v both belong to B;’.

(2) If j = k, then it is impossible that u € B;, and v € C;, when a;, < 1 by the same
method for Case 2 above. But if a;, = 1, then it is easy to get that B;, = C;, = By, =

Cy since V, = V.

If u € C and v € C;, with a;, < 1, then there is no C-class vertex in B, by Lemma 4.
But the fact that vV, =V, = B, = C), and all vertices in B, = C;, are viewed as C-class

vertex makes B;, = @. So a;, = 1 and under this case, we have B, = C;, = B, = C;,. ®

Note that Figure 5 shows that it is possible that u € B and v € Bj, with a; < 1in
which B; = C; = {v,, -+, vs} witha; = 1in G while B] = {v,,v,},C| =

. 3.
{vs, vy, v5}Witha; = Zin G'.

V. 1 V, v,
]l & /\ » 1
™, i
" r
3\ _ /2
V,=U V,=V

Figure 5: One case in which for the bottleneck decomposition of the graph G, we
have a;, = 1, but for the bottleneck decomposition of the graph G’ who is the same

as G but an edge (u, v), we have a;, < 1.
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New it is easy to get our result for condition 4.2.2.

Corollary 4. In the bottleneck decomposition of ¢' = G — (u, v) where (u, v) € B, X

C, with a;, = 1, if j,, = j,, then the utilities of u and v cannot be improved.

Proof. For the case that j,, = j, = j < k. If u and v are both B'-class vertices,
thena, = aj <landa, =a; <1.S0U; = a;, - w(uw) < Uy,and U, = a;, - w(v) <

w(v) = U,. For the case thatu € B, = C, and v € B, = C, U, = U, and U;, = U,,.

Thus this claim holds.m

Chapter Five Incentive Ratio of Bandwidth Sharing

Chapter Three and Four are talking about the truthfulness of bandwidth sharing
of P2P under the condition that the only strategic play is through misreporting a
connection to neighborhood. Although this is the most common way the cheat in
a P2P network, it is possible that agent in the network use other method for
possible utility gaining. Actually, such kind of cheating way has been found. In
this Chapter, [ will show one of such method with an example. And to make
things clear, I will also give some basic proposition for that. However, the
properties of the P2P network with proportional response mechanism will be

my future work.
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Figure 6: An example that player v, can improve its benefit by manipulation.

As shown in Figure 6-(a), there is a path G containing five vertices vy, v,, ..., v5. The

weights of all vertices

arew(vy) = w(vs) =2, w(v;) = Mw(v,) = 2andw(vs) = 1, where Mis a
large enough number. The bottleneck decomposition of G is 8={(B;, )}, and in
precise, B; = {v,, v }and C; = {v,,v3, vs}. ltis easy to check that limy,_,,a; = %

and the utility of v, tensto 1 as M tends to the infinity. Suppose

vertex v, strategically allocates 2 — € to v; and € to v respectively, where € is an
arbitrarily small positive number. Under this case, we construct a new graph G’ shown
in Figure 6-(b) and its bottleneck decomposition is 3’ = {(B;, C;), (B3, C;)}. In precise,
B; = {vs},C] = {vi} witha] =eand B, = {v,,vi},C; = {vq,v5} With a} tends

to% as M tends the infinity. So limMﬁmU;i = land limM%mUl’,f = 1 which means

that v, obtains a larger utility 2 by such a strategic play.

We call this kind of strategic play manipulation. It can be modeled as following:
One player v may manipulate its bandwidth allocation by fixing the bandwidth

amount to each neighbor which may not be proportional to what it receives in advance.

To be specific, assume I'(v) = {uy, uy, ..., uq,} and player v distributes its bandwidth

asw;} = Xpu; »t = 1,2, ..., dy, With Zl 1wv = w,,. Other players still follow the

proportion response protocol to upload their bandwidth.

It is obvious that the bandwidth allocation mechanism changes completely because of

the manipulation. In order to analyze player v's utility after the manipulation, we
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should obtain a new allocation X’ which comes from a market equilibrium in advance.
Specially, in such a new allocation X', player v's distribution is fixed and other players
follow the proportional response protocol. The main idea is to compute the market
equilibrium from the bottleneck decomposition of an altered network G’ such that this
new market equilibrium’s allocation satisfies the distribution requirement of each

player. Now we construct a new network G’ as follows. First, vertex v is duplicated
into d,, copies vy, v,, ..., v4, In G" and the weight of copy v; is denoted as wi,i =
1,2,...,d,. Next if (v,u;) € E(G), then an edge between v; and u;,i = 1,2,...,d,, is

built in G'. Therefore V(G") = (V(G) —v) U (Ufl;’1 v and E(G) = (E(G) —
(v ul)) U (U (', 1;)). Obviously each player v, is a leaf in G'. Notice that the

new utility of player v in X’ is U’, = ¥, U’

At the same time, when analyzing the properties of the bandwidth sharing when the
mechanism is not truthful, a concept named incentive ratio is usually the most
important. Generally speaking, the incentive ratio of the P2P network we consider can

be defined as the maximal ratio &, among all the vertex v € V' satisfying &, =
MaXpossible allocation{%}i i.e. & = max,ey &,. A conjecture for the incentive ratio of

P2P network bandwidth sharing under manipulation is 2, and this may showed in

some future work.

Chapter Six Conclusion

In this article, we discuss the issue of possible cheating strategies of agent with
respect to the proportional response mechanism for the application of bandwidth
sharing.
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We show that, if every agent follow this strategy, no player could gain by removing a
connection arc from its neighbors. In other words, no player could gain eventually, if

it removes one or more of its edge from the network environment.

The result, building on discrete mathematical techniques, resolves a long time
unsolved problem whether the proportional response protocol is truthful. It is the first,
to the best of our knowledge, non-trivial result on truthful mechanism for a practical

network bandwidth resource sharing scheme.
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